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On §®)-coloring of graph products
MERLIN THOMAS ELLUMKALAYIL AND SUDEV NADUVATH*

Abstract. An edge which is incident on two vertices that are assigned
the same color is called a bad edge. A near proper coloring is a coloring
that minimises the number of bad edges in a graph G, by permitting few
color classes to have adjacency between the elements in it. A near proper
coloring, that uses k colors where 1 < k < x(G) — 1, which allows at most
one color class to be a non independent set to minimise the number of bad
edges resulting from the same is called a 6®)-coloring. In this paper, we
determine the minimum number of bad edges, by (G), resulting from a §()-
coloring of some graph products viz. direct product of two graphs G x H
and corona product of two graphs G o H, for all different possible values of
k by investigating an optimal 6(*)-coloring that results in minimum number
of bad edges.

1 Introduction

For all terms and definitions, not defined specifically in this paper, we refer
to [1, 11, 19] and for graph classes, we refer to [2, 9]. Further, for the
terminology of graph coloring, see [3, 13, 16]. Unless mentioned otherwise,
all graphs considered here are undirected, simple, finite and connected.

The chromatic number of a graph G, denoted by x(G), is the minimum
number of colors required to color a graph in such a way that if any pair
of vertices receive a same color then it should be a non adjacent pair. In
an improper coloring, an edge uv is a bad edge if c(u) = ¢(v), where c(u)
and c(v) are the colors assigned to the vertices u and v respectively. If
the minimum number of colors required to color a graph properly is not
available, then coloring the graph by permitting only one color class to be
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ON 6)_-COLOURING OF GRAPH PRODUCTS

a non independent set so as to minimise the number of bad edges resulting
from the same is called §(®)-coloring (see [15]). A handful of work on a
5()_coloring of certain graph classes can be seen in the literature. The
interested reader is referred to recent articles on a §(*)-coloring of graphs,
see [4, 7, 6, 5] and also few engrossing studies on the concept of improper
and proper coloring, see [15, 17, 18].

Definition 1.1. A coloring that permits few color classes to have adjacency
between the vertices in it to minimise the number of bad edges in a graph
is called a near proper coloring.

Definition 1.2. A §(*)-coloring of a graph G with k available colors, where
1 <k < x(G)—1, is a near proper coloring, which minimises the number of
bad edges by permitting at most one color class to have adjacency between
the elements in it. The minimum number of bad edges obtained from a
§")_coloring of G is denoted by by.(G).

Let the k available colors required for a §(®)-coloring of G be ¢1,¢a. .., ¢k
with their respective color classes C1, Co, . . ., Ck, throughout the discussion.
Without loss of generality, the color class C is the color class that is allowed
to have adjacency between the vertices in it. It is clear from Definition 1.2
that when the number of available colors k is 1, the number of bad edges
resulting from 6(*)-coloring of any graph G is |E(G)|. Hence, we do not
consider a §V-coloring of any graph and thereby do not consider a §-
coloring of bipartite graph as well. Now, following are the results obtained
for a 6(F)-coloring of direct product and corona product of certain classes of
graphs. The results focus on the minimum number of bad edges obtained
from a 6(®)-coloring and provides an optimal §(*)-coloring that results in the
same for each different values of k where 2 < k < x(G) — 1. Furthermore,
the concept of independence number and independence set is also used in
this paper for determining the minimum number of bad edges. The readers
can refer to the below definition for independent set and independence
number.

Definition 1.3. A set V of vertices in a graph G is said to be independent
if no two vertices in the set V' are adjacent to each other. The maximum

number of vertices in an independent set is called the independence number
of G and it is denoted by o(G).
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2 A §®-coloring of direct product of graphs

The main focus of this section is to obtain the minimum number of bad
edges obtained from a §®)-coloring of direct product of two graphs. Firstly,
recall the definition of direct product of two graphs:

Definition 2.1. [10] In the direct product of two graphs, two vertices (g, h)
and (¢',h') are adjacent if both g¢’ € F(G) and hh' € E(H). The direct
product of G and H is denoted by G x H.

Consider two graphs G and H of order m and n respectively. In G x H,
there are a total of m x n vertices. Thus, there are m sets each having n
vertices or n sets each having m vertices in the direct product. Throughout
the discussion, it is considered that n > m (note that, since direct product
is a commutative product, all the results discussed below hold for n < m as
well) and that there are m set each of n vertices. The first set of n vertices
is denoted as gih;, where 1 < j < n, the second set is denoted as g2h;,
where 1 < j < n, and so on the m-th set of n vertices is denoted as g, h;,
where 1 < j < n.

If either G or H is bipartite, then their direct product G x H is bipartite and
hence the following discussion does not consider a 6*)-coloring of bipartite
graphs. This study solely focuses on cycle graph Cs,,11 complete graph K,.
It is known that, x(G x H) < min (x(G), x(H)) (see [12]).

When C,, x C,, and C,, x K,, are considered, x(C,, x C,,) = 3, when both
n and m are odd, and x(C,, x K,,) = 3, when m is odd. Thus, for these
two cases a, 5(2)—coloring is considered. For K, x K,,, the value of k will be
2 <k <min{m,n} — 1. The direct product is commutative and hence the
study concerned focuses on either a §¥)-coloring of G x H or H x G. The
following are the results obtained from a 6)-coloring of direct product of
cycle graph and complete graph with their possible combination.

Theorem 2.2. For C,, x C,, where m and n are odd, the number of bad
edges resulting from 6 -coloring is by(Cy, x Cy,) = 2m.

Proof. For Cy, x Cp, x(Cy, x Cp,) = 3 and it is a 4-regular graph. In this
case, k = 2. As mentioned above, we consider the color class C; to be a
non-independent set and hence it is clear that every other color class is an
independent set. Hence, it is obvious that a §(2)-coloring of a graph is based
on the independence number of the graph. The independence number of
G x H is given by a(Gx H) > max{«a(G)|V(H)|, a(H)|V(G)|} (see [10]) and
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the independence number of direct product of odd cycles is already been

discussed in [14] as (n — 1)%. The minimum number of monochromatic

r(n—2a) (
2

edges obtained from §®-coloring for an r-regular is see Theorem

2.12 of [6]). Thus, the number of bad edges resulting from §)-coloring of
Con X Cyy 5 by(Cy x ) = 22202 D5) _ 9y O

Theorem 2.3. For C,, X K,,, where m and n are odd, the number of bad
edges resulting from 6 -coloring is by(Cyy x K,,) = n(n — 1).

Proof. Tt is known that, x(C,, x K,) = 3 and hence k = 2. As explained
in Theorem 2.2, first the concept of independence number is used and an
upper bound for the minimum number of monochromatic edges obtained
from §(®)-coloring is provided. It can be noted that, the independence
number of G x H is a(G x H) > max{«a(G)|V(H)|,a(H)|V(G)|} (see [10]).
Thus, in this case, a(Cy, x K,,) > max{a(Cn)|V(K,)|, a(K,)|V(Cn)|} =
max{n| %], m[}. Since m < n, a(C,, x K,) > n|[%F|. The number of bad

r(n—2a)
2

2.12 of [6]). Thus, by(Cy, x K,,) > T(”g%) > 2(n71)(m;f2nL%L) >n(n—1).
Hence, bo(Cp, x K,) > n(n —1).

edges resulting from §(?)-coloring of a regular graph is (see Theorem

It is to be proved first that, by (Cy, X K,,) = n(n —1). For this, it suffices to
find a §®-coloring that results in n(n — 1) monochromatic edges. None of
the vertices gi1h;, where 1 < j < n, are adjacent to each other. Hence, all
these vertices can have a single color, say c¢;. Each vertex g1 h; is adjacent
to every g2h; except for its corresponding vertex. Hence, the vertices go2h;
can be assigned the color ¢y or ¢;. However, the aim is to minimise the
number of monochromatic edges and hence use the color ¢ to color g2h;.
Third set of vertices gsh; can be colored with the color ¢; and the fourth set
gsh; can be assigned the color cp. Thus, alternatively color each n set with
two colors ¢; and co properly. The last set of n vertices that is g,,h;, where
1 < j < n, has to be given the color ¢; to maintain the condition of a §k)_
coloring of graphs. The only edges that provide monochromatic edges is
the edges between the first set of vertices (¢g1h;) and the m-th set of vertices
(gmh;). Each of the n vertices in the set gi1h; which has the color ¢; are
adjacent to n — 1 vertices of the set g,,h; given the color ¢, which results
in a situation where there are a total of n(n — 1) monochromatic edges.
Thus, the number of bad edges resulting from 6 -coloring of Cy, x K,, is
n(n —1). O
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Theorem 2.4. For K,, xK,,, where m andn are odd, the minimum number
of bad edges obtained from a 5% -coloring is

nin—1)(m—k)(m—k+ 1).

bk(Km X Kn) = 5

Proof. It is know that, x(K,, x K,) = min{m,n} (see [12]). Since it is
assumed that n > m, x(K,, X K,,) = m and hence k can be 2 < k < m — 1.
In this case, there are two possible §(¥)-colorings which are as explained.

In K,, x K,, except for its corresponding vertices every vertex is adjacent
to every other vertex. Thus, either every corresponding vertex, which is
an independent set, can be assigned a single color or every n vertices in
a single set, which is also an independent set, can be given a single color.
Since 2 < k < m — 1, the former coloring will lead to a situation where

there are m(mfl)(";k)("fkﬂ) monochromatic edges and the latter provides
n(n—1)(m—k)(m—k+1)
2

monochromatic edges. Since n > m, the minimum
n(n—1)(m—k)(m—k+1)
2

number of monochromatic edges obtained is , when n >
m, and both are same, when n = m. Thus, the minimum number of bad
edges obtained from a 6®)-coloring of K,, x K, is ”("71)(m72k)(m7k+1),
when n > m. O

3 A 6®-coloring of corona product of graphs

The corona product is not commutative and hence in this section all the
possible combination of a §(*)-coloring of corona product of path graph,
cycle graph and complete graphs are taken into consideration.

Definition 3.1. [8] Let G be a graph on n vertices and H be another
graph. The corona product of two graphs G and H, denoted by G o H, is
obtained by taking n copies of H, and each vertex in G is adjacent to every
vertex of the corresponding H. That is, every i-th vertex of G is adjacent
to each vertex of i-th copy of H, where 1 <i < n.

Throughout the section, the vertex v;, where 1 < ¢ < n, corresponds the
vertices of the graph G and the vertices v;;, where 1 <¢ <mand 1 < j <
m, are the vertices of the i-th copy of H corresponding to v; vertex of G.
For instance, the vertices vi1,v12,...,v1, are the vertices of the first copy
of H corresponding to the vertex vy in G.
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Theorem 3.2. For P,, o P,, the number of bad edges resulting from 6 -
coloring is by(PpoP,) < min{[F][ 5|+ 5] (n—1),[F](n—1)+ %] 5]}

Proof. The corona product P, o P, is 3-colorable and hence k can only
be 2. There are two possible §(2)-colorings as explained below. The first
coloring is to color the vertices, v1,vo, ..., Vm, of P, with two colors ¢; and
co alternatively. Thus, ¢(vg;41) = ¢1, where 0 < i < LmT_lJ and c¢(ve;) = ca,
where 1 <4 < []. This coloring will provide [%] independent vertices
that have the color ¢; and | 7% | independent vertices with the color c,.

The path graph P, corresponding to the vertices of P, which have the color

c1, can be alternatively assigned the color ¢; and cs. If every first vertex of

these [ %] copies of P, is given the color c¢;, the remaining vertices of each

copy is alternatively colored with ¢y and ¢;. This coloring will cause for a
situation where there are [ %] independent vertices which have the color c;
and | 5] independent vertices the color ¢z and vice versa if every first vertex
of these [ ] copies of P, is given the color co. The former will increase
the number of monochromatic edges due to the increase in the number of

vertices that receive the color ¢; and the later will decrease the same by

one. Hence, every first vertex of these [%] copies of P, is given the color

co, and the remaining vertices of these copies are alternatively assigned the

color ¢; and c. Thus, there are [ ] vertices in P, with the color ¢; which

are adjacent to | § | vertices of its corresponding path graph P,, whose color

is ¢1, which cause a scenario where there are [% || 5] monochromatic edges

between them. Now, the | % | copies of P,, corresponding to | % | vertices

in P,, that receive the color ¢y, should solely be given the color ¢; to
maintain the requirements of a 6*)-coloring of graphs, which will cause for
no monochromatic edge between these copies of P, and its corresponding
vertices with color ¢; in P,,. However, every edge in these copies of P, will
be a monochromatic edge, leading to a total of | % |(n — 1) monochromatic
edges. Thus, the total number of monochromatic edges resulting from this
particular §-coloring is [2]| %] + | 2] (n — 1).

In the second §*)-coloring, begin coloring vertices of P, alternatively with
the colors ¢ and c¢;. Thus, ¢(vgi11) = c2, where 0 < ¢ < LmT*” and

c(v2;) = c1, where 1 < i < [%]. This coloring will cause a situation

where there are [7] independent vertices that are assigned the color c;

and || independent vertices with the color ¢;, which thereby yields to
m

coloring [%] copies of P, solely with the color ci, leading to [%](n — 1)
monochromatic edges. The remaining copies of P, corresponding to |7 ]
vertices of P, which have the color c;, are assigned the color ¢y and ¢

alternatively leading to |%']|%] monochromatic edges. Thus, the total
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number of monochromatic edges resulting from this 6(®-coloring is [5](n—
D+ 1213

When both the colorings are compared, the monochromatic edges obtained

from both is the same, when m is even, and is min{[%][5] + [F](n —

D), [F](n—=1)+ %][5]}, when m is odd. O

Theorem 3.3. For C,, o C,, the minimum number of bad edges obtained
from a 8% -coloring is

min { n(3m;1)+4 m(n+2) }’
min{‘?’"(zﬂ), if m is even, n is odd and k=2,
m, if m, n are both odd and k=3,

min {3’77", M}’ if m, n are both even and k=2.

if m is odd, n is even and k=2,

m,(n+3§+2n }
bk (Cmocn): 2 ’

Proof. The different cases for the §(®)-coloring of C,, o C,, for different
parities of m and n and for different values of k are explained as below.

Case 1: Let k =2, m be odd and n be even. Let the two colors be ¢; and
ca. The odd cycle C,,, will result in one monochromatic edges when colored
with ¢; and ¢z (see Propoition 2.3, [15]) and an even length cycle C,, can be
properly colored with two colors. As explained in Theorem 4.5 [ % | vertices

of C,, are assigned the color cy, its corresponding Cy,’s (| %] in number)

should be exclusively colored with ¢; to meet the requirements of a 6*)-

coloring of graphs. This coloring will result in a condition where there exists

| 5 Jn monochromatic edges. Also, the [% ] copies of C,, are given the color
c1 and ¢y alternatively as they are adjacent to [%] vertices of C,, which

have the color ¢;. This coloring will yield [%]% monochromatic edges.

Thus, the total number of monochromatic edges obtained from §(?)-coloring

of CrpoCris [Fn+[F]|5+1= W7 when m is odd and n is even.

Now, another possible §(®)-coloring for this case is that, the cycle C,, is

colored with a single color c1, leading to m monochromatic edges and the m

copies of C}, are alternatively assigned the color ¢; and co. This coloring will
mn

cause for a situation where there exists “5* monochromatic edges between

Cy, and C,,. Thus, the total number of monochromatic edges obtained from
this 6®-coloring is m + o= m(nt2) Hence, the number of bad edges

2
resulting from §(?)-coloring of C,, o C,, is min{ "(37”21”4, m(7;+2)}, when

m is odd and n is even.

Case 2: Let k =2 and m be even and n be odd. Since m is even, coloring
C,, with ¢; and ¢o will provide no monochromatic edges in C,. It is known
that, there are m copies of C,, out of which % copies that are adjacent to
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the corresponding vertices of C,,, which has the color ¢; can be alternatively
colored with ¢; and cy. Thus, there are f%l vertices receiving the color cq
and | 3| vertices the color cp. This coloring provide one monochromatic
edge in each of % C,’s and |5 | monochromatic edges between them.
The remaining % copies of C,’s that are adjacent to the vertices of Cp,
(L% vertices) which are assigned the color ¢y, are solely colored with the
color ¢1, to meet the requirements of a §*)-coloring of graphs. This coloring
will thereby result in | % |n monochromatic edges. Thus, the total number
of monochromatic edges resulting from this §(?)-coloring is FLEl+F15n+
T = %”("T‘H) Now, the second possible §(2)-coloring for this case is same
as that of second §®-coloring explained in Case 1 mentioned above. This
coloring will lead to all the edges in C,, to be monochromatic (since all
the m vertices are assigned the color ¢;). However, since n is odd, there
will be one monochromatic edge in each of the n copies of C,, and m[%]
monochromatic edges between C,, and C,,. Thus, the total number of

monochromatic edges in this case is w Thus, the number of bad
3n(n+1) m(n+3)+2n}
1 2 )

edges resulting from §(?-coloring of C,, o C,, is min{
when m is even and n is odd.

)

Case 8: Let k = 3 and both m and n be odd. It can be noted that,
X(Cpy 0 Cy) = 4, when m and n are odd, and hence kK = 2 and k = 3.
Firstly, the §®)-coloring of C,, o C), is discussed as follows. Since k = 3,
maximise the use of the colors ¢y and c¢3 and minimise the use of color ¢;
as much as possible. A §(®)-coloring that exactly explains the same is as
follows. Assign the vertices of C), alternatively with the colors co and c3
and the last vertex v,, is assigned the color ¢;. This is a proper coloring of
an odd cycle with three colors. Each of the m—1 copies of C,, corresponding
to the vertices of the C,,,, whose colors are ¢, and c3, can be given the colors
c1 and c3, and ¢; and ¢y respectively. This coloring will cause for a scenario
where there exist one monochromatic edge in each of the m —1 copies of C,,.
The corresponding C, of the m-th vertex of (), that is assigned the color
c1 can be properly colored with three colors, leading to one monochromatic
edge between this vertex and the m-th copy of C,. Thus, the §®*)-number
is m, when m and n are odd.

Case 4: Let k = 2 and both m and n be odd. In this case, there are two
possible 6 -colorings as explained in Case 1 and Case 2. The first 6(2)-

coloring is obtained by alternatively coloring C,,, with two colors leading
to one monochromatic edge in Cy,. The [%] copies of Cys, corresponding
to the [%] vertices of C,, that are colored with ¢; are alternatively given
the color ¢; and ¢y and [ | copies of C,, corresponding to |% | vertices

are assigned the color ¢y, are assigned the color vertices of C,, which have
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the color ¢y are exclusively given the color ¢; to meet the prerequisites of

5" -coloring of graphs. This coloring will have a total of 1+ [2] +n| 2]+
mirny _ 3m(14n)—n+7

|— 2 ] [2“ - 4

§®)-coloring is same as the second §(*)-coloring of Case 1. The cycle Cp,

is exclusively colored with ¢; and the corresponding C,’s are assigned the

m(n+5)
2

monochromatic edges. Thus, the number of bad edges resulting from §()-

coloring of Cy, o C, is min{ m( H”) nt? m "+5) }, when m and n are odd.

monochromatic edges in C,, o C,,. The second

color ¢; and ¢o. This 6®®)-coloring will have m + m + mlg] =

Case 5: Let k = 2 and m and n be even. It is to be noted that, x(Cy,oC,) =
3, when both m and n are even. Hence, k = 2. There are two possible §(2)-
colorings in this case which are as discussed below:

In the first §()-coloring, the cycle C,, can be properly colored with two

colors. Each of the % copies of (), are alternatively given the colors c;

and cy as they are adjacent to % vertices of (), which have the color
c1, leading to #* monochromatic edges between them. The remaining
copies of C, is Solely assigned the color ¢; to maintain the requirements of
a 0(F)_coloring of graphs. Thus, this coloring will result in a situation where

there are “g"* monochromatic edges. Hence, the total number of minimum

monochromatic edges obtained from this §(?)-coloring is 3’77". Now, the
second §(@-coloring is same as that of the second §(?)-coloring explained
in Case 1 and the number of monochromatic edges obtained from this case
is M. Thus, the number of bad edges resulting from §(?)-coloring of
Cpn 0 Cp, is min{ 222, m("+2)} when m and n are even. This completes the
proof. O

Theorem 3.4. For P,, o C,, the the number of bad edges resulting from
5@ _coloring is
3mn

4 >
3mn—mn

bz(Pm © CTL) S 3m?n+17)

4 )
W’ if both m and n are odd.

if both m and n are even,
if m is odd and n is even,

if m is even and n is odd,

Proof. Tt is to be noted that, x(P,,oC,) = 3 and hence, k = 2. For different
parities of m and n, different possible §(®-colorings and the number of
monochromatic edges obtained from the same is as explained below.

Case 1: Let both m and n be even. In this particular case, coloring P,

alternatively with ¢; and c¢o will have no monochromatic edges in P,,,. How-
ever, the 3 copies of C), are alternatively assigned the color ¢; and ¢z and
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the remaining %' copies of C',, will only have the color ¢; in order to maintain
the requirements of a §*)-coloring of graphs. Thus, the minimum number
of bad edges obtained from a §)-coloring of P, o C,, is Totgn= smn

4
when m and n are even.

Case 2: Let m be odd and n be even. As explained in Theorem 4.5, there
can be two possible §(?)-colorings for this case. The first coloring is when
P, is alternatively given the colors ¢; and ¢y and the second one the vertices
of P, is assigned the colors ¢, and c¢; alternatively. The former will cause

a situation where there are [F]5 + |5 |n = W monochromatic edges

2
: : m m|n 3m+1
in the graph and the latter yields [2]n+ 2|5 = "(#)
edges. Thus, when the two §(%)-colorings are compared the number of bad
edges resulting from 6®-coloring of P, o C,, is W, when m is odd
and n is even.

monochromatic

Case 3: Let m be even and n be odd. Since m is even, coloring the vertices
of P, alternatively with ¢; and cs or ¢o and c;, will have same number of
monochromatic edges in P, o C,,. Thus, alternatively color the path P,
with the colors ¢; and c¢p. The corresponding C),’s of each of the vertices
in P, that have received the color c¢; are alternatively assigned the color
c1 and co. This coloring will provide one monochromatic edge in each of
these C,, and [ 5] of monochromatic edges between them. The remaining

copies of (), corresponding to 3 vertices of P, that have the color cs, is
colored with the color ¢; in order to maintain the requirements of a §*)-
coloring of graphs. This coloring will cause for a situation where there are

2 monochromatic edges between them. Thus, the number of bad edges

2
resulting from §()-coloring of P, 0 Cy, is Z[2] + 21 + 7 = W

5 , when
m is even and n is odd.

Case 4: Let m and n be odd. As explained in Theorem 4.5, there can be
two possible §(®)-colorings, one where the vertices of P, are assigned the

color ¢ and cy alternatively and the other vice versa. The former results

in [%] monochromatic edges in the cycles C, that are given the colors

c1 and ¢z and [ ][5 ] monochromatic edges between P, and C,. There
are n monochromatic edges in | % | cycle C, that are corresponding to | % |

vertices of P, whose color is ¢, which provides n| % | monochromatic edges

between these copies of C,, and P,,. Thus, the §®-coloring is [2][2] +

(27 + | Z]n= w in P, o Cy,, when m and n are odd.

The latter will result in [ % | monochromatic edges in the | % | copies of C,,

which have the colors ¢; and ¢; and | |[ 5| monochromatic edges between
Py, and C,,. Between [%] vertices of P, which have the color c; and its
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corresponding copies of C,, that are solely colored with ¢, there are [ ]n
monochromatic edges. Thus, there are a total of || + [Z][5]+ [5]n =

2
w monochromatic edges resulting from this coloring.

Now, when both the 6()-colorings are compared, the the number of bad
edges resulting from §®-coloring of P, o C,, is W, when both
m and n are odd. O

Theorem 3.5. For P,, o K,,, the minimum number of bad edges obtained
from a 6% -coloring is by,(P,, o K,) = w

Proof. Tt can be noted that, x (P, o K,,) is n + 1 and hence 2 < k < n.
Color the vertices of P, alternatively with the colors ¢; and cy. There are
[%] vertices that receive the color ¢; and |7 | vertices that are given the
color ¢;. Each of the copies of K, corresponding to each of the [ 3] vertices
of P, that receive the color ¢; will cause [ ] w monochromatic
edges (see Theorem 2.7, [15], for the §(*)-coloring of K,) and [2](n—k+1)
monochromatic edges between them. For the remaining | % | copies of K,’s

corresponding to the vertices that are assigned the color cs in P,,, there

(n—k+2)(n—k+1)
2

cannot be used to color K, in order to maintain the conditions of a §()-

coloring of graphs. Also, there will not be any monochromatic edge between
them. Thus, the total number of monochromatic edges obtained from this
5 -coloring is [2] % +[Zln—k+1)+ %] w =
(n—k+ 1)([7—;]("2;]0 + L%JL’;H) + 1). In other words, it can be said
that, in P,, o K, each vertex of P,, is adjacent to every vertex of K,
and hence there are m number of disjoint K, ;. It is known that, the
minimum number of bad edges obtained from a §)-coloring of K, is
% (see Theorem 2.7, [15]). Thus, in this case, each K, will
(n—k+2)2(n—k+1)

are monochromatic edges. This is because, the color cy

monochromatic edges. Thus, the minimum number of
m(n—k+2)(n—k+1) 0
———

have

bad edges obtained from a 6®)-coloring of P,, o K,, is

Theorem 3.6. For C,, o P,, the minimum number of bad edges obtained
from a 6%)-coloring is

3m(n—1)
b2(Cm 0 Pn) = {(sm41><n1>+4
4

if m is even and for any n,

, if m is odd and for any n.

Proof. Tt is known that, x(C, o P,) = 3 and hence k = 2. The following are
the two cases discussed for a 5(2)—coloring of C,, o P, for different parities
of m and n.
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Case 1: Let m be even. The cycle Cp, of even length can be properly
colored with two colors with % possibility for each color, leading to no
monochromatic edge in it. The % copies of P,, corresponding to % vertices

of C),, which have the color ¢;, can be alternatively assigned the color ¢o and

c1 respectively, leading to a total of %[ | monochromatic edges between

them (Note that, if the P,s are alternatively colored with the colors ¢;

and cz, there will be [#] vertices that receive the color ¢, leading to [ ]

monochromatic edges between the C,, and P, which is more in number

when compared to | | monochromatic edges). The remaining % copies

of P, are exclusively colored with ¢; as they are adjacent to the vertices
of C,, which have the color ¢, to maintain the requirements of a §()-
coloring of graphs. This coloring will provide a situation where there are

m

2 (n — 1) monochromatic edges. Thus, the number of bad edges resulting
from 6(?)-coloring is of Cy, 0 P, is 2 2] + Z(n—1) = w, when m is
even.

Case 2: Consider m to be odd. It can be noted that, the number of bad
edges resulting from §(?)-coloring of a cycle of odd length is 1, with [ ] ver-
tices receiving the color ¢; and | % | vertices the color c3. As explained in the

above-mentioned case, P,,’s that are adjacent to its corresponding vertices

that are assigned the color ¢; will yield a total of [% ]| %] monochromatic

edges and P,’s adjacent to the vertices that have the color ¢, will lead in

|5 ] (n—1) monochromatic edges. Thus, the number of bad edges resulting

from 6(2)-coloring of Cp, 0 P, is 1+ [2][ 2]+ [Z|(n—1) = w,

when m is odd. O

Theorem 3.7. For C,, o K,,, the 6% -coloring is

m(n—k+1)(n—k+2)

if m is even,
b (Crm 0 Kp) < {m(n—k+12)(n—k+2)+2
2 )

if m is odd.

Proof. The chromatic number of C,, 0 K,, is n+1 and hence 2 < k < n. For
the different parities of m, there are two cases that are addressed separately
as follows.

Case 1: Let m be even. It is known that, x(C2,) = 2 and hence for any

k, the even cycle C,, will yield no monochromatic edges. As explained
in Theorem 3.6, every % copies of K, adjacent to 7 vertices of Cy,
receiving the color c¢1, will yield a total %w monochromatic

edges in these K,. Also, there are % (n — k + 1) monochromatic edges

between these K, and C,,. The remaining % copies of K, adjacent to

5 vertices of Cp,, having the color other than c¢;, cannot be assigned that
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particular color to meet the requirements of a §(¥)-coloring of graphs. Thus,

these 3 copies of K, are colored with k£ — 1 colors, leading to a total of

%%W monochromatic edges. Hence, the minimum number of

bad edges obtained from a ¢®)-coloring of C,, o K,, is %(”_LW +

%(n —k+ 1) + % (n7k+2)2(n7k:+1) _ m(n7k+12)(nfk+2)

, when m is even.

Case 2: Let m be odd. The minimum colors required to color an odd
cycle is 3 and hence 2 < k < n. When k > 3, C,, will cause to a scenario
where there are no monochromatic edges. However, when k = 2, there
will be a monochromatic edge in C,,. A common §*)-coloring for both
the cases is discussed as follows. Color C), with only two colors, say ¢;
and co. This will cause a situation where there exists one monochromatic
edge in C,, (see Proposition 2.3, [15]). As explained in Theorem 4.9 and
Case 1 of the current theorem, the [%] copies of K, that are adjacent to

[ %] vertices of Cp, which have the color ¢;, will result in [% ] %
and | %] copies of K, adjacent to | %] vertices of C,, which are assigned
the color cy, will have L%J% monochromatic edges. Now,
between the vertices of (), that receive the color ¢; and its correspond-
ing copies of K, there are [ ](n — k + 1) monochromatic edges. Thus,
the total number of monochromatic edges resulting from 6*)-coloring of
. m1 (n—k+1)(n—k m | (n—k+2)(n—k—1 m

Cp 0 Ky is 14 [ okt Dnzk) g Inmkd2)nmk1)  pm (1) =
m(n—k+1)(n—k+2)+2

2

, when m is odd.

When k£ > 3, the odd cycle can properly be colored with three colors and
this coloring will provide no monochromatic edge in C,,. However, there
will be a total of [%] vertices that receive the color other than the color c;
and |%] vertices that receive the color ¢;, which will cause a situation
where there exists [%] w and || ("_IHQM monochro-
matic edges between C,, and K,. Now, when both the colorings are com-
pared, the minimum number of bad edges obtained from a §¥)-coloring of
above mentioned 6®)-colorings are the same. This completes the proof. [J

Theorem 3.8. For K,, o P,, the 5(k)—colom'ng is

(m—k+1)(m—k) ka_ >3,

be(KmoPo) << o 1v2roy
H : {<”2<2>+(n—1>+<m—1>tzj, ifk=2.

Proof. The chromatic number of K, o P,, is m. Thus, the available colors
are 2 < k < m — 1. There are two cases for two different values of k which
are as explained below.
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Case 1: Consider the case where k > 3. It is known that, the minimum
number of bad edges obtained from a §*)-coloring of K, is w
(see Theorem 2.7, [15]). Since the graph K, 0P, has a clique of order m, the
minimum number of monochromatic edges that by (K,,0P,) > by (K,,). Isit
proved that, in this case it is exactly by (K, ). The minimum number of bad
edges obtained from a §*)-coloring of Ky, is w Since k > 3, P,
can be properly colored with any two colors other than the color assigned to
its corresponding vertex of K,,. Thus, there are no monochromatic edges
between K,, and the m copies of P,. Hence, the minimum number of bad

edges obtained from a §*)-coloring of K,, o P, is (M_L;(m_k)

Case 2: Let k = 2. Coloring the complete graph K,, with two colors
(m—k—‘—;)(m—k) _ (m—1)2(m—2)

will result in monochromatic edges. This is
because, only one vertex say the vertex v; can be assigned the color ¢y and
all the remaining vertices must be assigned with color ¢y, to maintain the
conditions of a §¥)-coloring of graphs. Among the m copies of P, the one
which is adjacent to the vertex v; of K, is colored with the color ¢;, to
meet the requirements of a §(*)-coloring of graphs. This coloring will result
in a situation where there are n — 1 monochromatic edges in that particular
P,. The remaining m — 1 copies of P,, adjacent to the its corresponding
vertices of K, which have the color ¢, can be alternatively colored with
the colors ¢y and ¢; respectively (and not c¢; and co respectively, as it
will maximise the use of the color ¢; and thereby maximise the number of
monochromatic edges between them). Thus, this coloring will cause for a
situation where there are (m — 1)| %] monochromatic edges between them.
Thus, the number of bad edges resulting from 6®-coloring of K,, o P, is
=Dm=2) 14 (m—1)|2]. 0

Theorem 3.9. For K,, o C,, when n is even, the minimum number of bad
edges obtained from a 6 -coloring is,

(m—k+1)(m—k) .

SR AT if k>3
bp (K 0 Cy) = 2 ; -7
k( ) {7n(m+n;3)+n+2, ’Lf k=2

Proof. For different values of k and when n is even, there are two different
cases for a §(®)-coloring of K, 0C,,. Since x(KnoP,) =m,2 <k <m—1.
Considering all the above mentioned facts, both the cases are separately
addressed as follows.

Case 1: Let k > 3. The proof explained in Case 1 of Theorem 3.8 applies

to this case as well, this is because, paths and even cycles are bipartite
and can be properly colored with two colors by maintaining the constraints
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of 6®)_coloring, when k > 3. Thus, the minimum number of bad edges
obtained from a 6*)-coloring of K,, o P, is w

Case 2: Let k = 2. The proof of this case is similar to that of Case 2 of
Theorem 3.8. The complete graph K,, will provide % monochro-
matic edges. The only difference is that, the cycle C,, which is adjacent to
the vertex (only vertex) that is assigned the color ¢ is given the color ¢,
which yields » monochromatic edges in the cycle. All the remaining m — 1
copies of C), are assigned the color ¢; and ¢y alternatively, which results
in (m — 1)§ monochromatic edges between K, and (m — 1) copies of C,,.
Thus, the number of bad edges resulting from §(*)-coloring of K,, o C,, is

(m—2)(m—1) m(m+n—3)+n+2
2

5 +(m—-1)5+n= , when n is even. O

Theorem 3.10. For K,, oC),, when n is odd, the minimum number of bad
edges obtained from a 5 -coloring is,

(m—k+1)(m—k) ka > 4;

2 )
b (Ko 0 Cp) < w) if k=3,
mimimin=l g =2,

Proof. Note that, x(K,, oC,) = m and hence the §*)-coloring of the same
for the different values of k, where 2 < k < m — 1, are studied. There are
three different cases for the same that are to be addressed separately as
follows.

Case 1: Let k > 4. The minimum number of monochromatic edges ob-
tained from 6(*)-coloring of K,, o C), is w, when k& > 4. The
proof of this case is same as that of the proof explained in Case 1 of Theorem
3.8 and Theorem 3.9.

Case 2: Let k = 3. The complete graph K,, will yield w =

m=2)m=3) 1 onochromatic edges, when colored with three colors (see The-

orem 2.7, [15]). There are only two vertices in K,,, say v; and vq, that can
be colored with the colors co and c3. Rest of the vertices have to be given
the color ¢;, to meet the requirements of a §(*)-coloring of graphs. Since
C,, is an odd cycle, it will require at least three colors to color it properly.
Although, the number of available colors is 3 these colors are used in the
coloring of K, and hence each n — 2 copies of cycle corresponding to n — k
vertices of K, that have the color ¢; are colored with two colors ¢o and c¢3
and this coloring will cause a minimum of one monochromatic edges in the
cycle and between K, and its corresponding C,,. Moreover, the vertex vy
of K,, is assigned the color ¢ and hence the cycle corresponding to this
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vertex is colored with two colors ¢; and c3 leading to no monochromatic
edge between them. However, there will be a monochromatic edge in C,,
when colored with two colors (see Proposition 2.3, [15]). Similarly, in the
case of the vertex vy that is assigned the color cs, its corresponding C,
will cause one monochromatic edge when colored with the colors ¢; and cs.
Thus, the number of bad edges resulting from §®)-coloring of K,, o C, is

W+2+(m72):w,whennisodd.

Case 3: Let k = 2. As explained in Case 2 of Theorem 3.9, only one
vertex, say vy, of K,, is given the color ¢ and the rest of the vertices
are colored with the color ¢;. This coloring will cause a situation where

W monochromatic edges. Now, C,, corresponding to

there are
the vertex vy is solely colored with ¢; to meet the requirements of a 6(*)-
coloring of graphs, and this coloring causes n monochromatic edges in this
particular cycle. The remaining copies of C), are colored with two colors ¢;
and c3, leading to one monochromatic edge in each of the m —1 copies of C},
and (m —1)[2] monochromatic edges between K, and C,,. Thus, the §(2)-
coloring of K, 0C,, is =2 4 (1 1) 4 (m—1)[2] 4 = Tmtn)tnsl
when n is odd, as required [

Theorem 3.11. For K,, o K,,, the minimum number of bad edges obtained
from a 6% -coloring is given by,

(m—k+1)(25% +n—k+1(252(27))), if k>3,

bk(KmoKn):
(n(n=3)tm)(m=1)+2n if k=2

Proof. Each of the copies of K, corresponding to the each of the vertex
assigned the color ¢; in K, will lead in (n=k+)=k) 1 onochromatic edges
and between them there will be (m — k + 1)(n — k + 1) monochromatic
edges (for a detailed explanation on the coloring pattern of §(%)-coloring
of complete graphs see Theorem 2.7, [15]). Now, k — 1 copies of K,, cor-
responding to k — 1 vertices that receive the color other than c¢; in K,,
can be colored with k& — 1 colors only (the color assigned to its corre-
sponding vertex in K,,, cannot be used in coloring its corresponding K,).
This coloring will provide a situation where there are (k — 1)%
monochromatic edges between them. Thus, the minimum number of bad
edges obtained from a §®)-coloring of K,, o K,, is W_LW + (m —
k+ 1)t DOk gy k1) — k4 1) 4 (b — 1)k Deok)

(m —k+1)(25% +n — k+ 1(2=5+2(-27))), when k > 3.
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Case 2: Let k = 2. Coloring K, with two colors will result in a scenario
where there are (m7k+;)(m7k) = (m=D(m=2) 1) snochromatic edges. All the
corresponding copies of K,,, other than the one which is adjacent to the
vertex assigned the color ¢y of K,,, are colored with two colors, leading to
(m— }Hl)(" ktl(n—k) _ (m— 1)(”2 D=2 onochromatic edges in the Ky

Between the vertices of K., having the color ¢y, that is, m — 1 vertices of
K,, and m — 1 copies of K,, there are (m —k+1)(n —k+1) = (m —
1)(n — 1) monochromatic edges. The complete graph K, adjacent to the
vertex colored with the color ¢s of K, should be given only the color ¢;

. . . . k . 3} . (n—1)
to maintain the requirements of a §(*)-coloring of graphs, leading to “.~

monochromatic edges. Thus, the number of bad edges resulting from §)-

coloring of K,,,0 K, (m_l)Z(m_Q)_|_(m—l)(nz—l)(n—Q)+(m_1)(n_1)+n(n2—1) _

(n(n73)+7n2)(m71)+2n. [

4 §®)-coloring of graph products

Recall that the direct product of G and H is the graph denoted by G x H,
whose vertex set is V(G) x V(H), and for which the vertices (g,h) and
(¢',h') are adjacent precisely if g¢’ € E(G) and hh' € E(H). Thus,

(i) V(G xH)={(9,h) | g € V(G) and h € V(H)},
(i) E(GxH)={(g,h)(¢',1) | g9’ € E(G) and hh' € E(G)} (see [12, 10]).

In a direct product of two graphs with m and n vertices respectively, there
are a total of m x n vertices. Thus, there are m set each of n vertices or vice
versa in the direct product. Throughout the discussion, we consider n > m
(note that, since direct product is a commutative product, all the results
discussed below hold for n < m as well) and that there are m set each of
n vertices. The first set of n vertices is denoted as g1h; where 1 < j < n,
the second set is denoted as goh; where 1 < j < n and so on the m-th set
of n vertices is denoted as g, h; where 1 < j < n.

Other names for the direct product that appears in the literature are tensor
product, Kronecker product, conjunction, cross product etc. If either of a
graph G or H in the direct product is bipartite then their direct product
G x H is bipartite and hence the following discussion does not consider the
§()_coloring of path graph and or even cycle and their various combinations.
This paper solely focuses on cycle graph C, for odd n and complete graph
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K,. Now, x(G x H) is less than or equal to min (x(G), x(H)) and hence
when C,, x C,, and C,,, x K, are considered, x(C,, x C,,) = 3 when both n
and m are odd and x(C,, x K,;) = 3, when m is odd and hence for these two
cases, a 0(?)-coloring of the same is considered. For K,, x K,, the value of
k will be 2 < k < min (m,n) — 1. The direct product is commutative and
hence the concerned study focuses on either of the §(*)-coloring of G x H or
H x G. The following are the results obtained from a 6(*)-coloring of direct
product of cycle graph and complete graph with their possible combination.

Theorem 4.1. For C,, x C,, where m and n are odd and m < n, the
mianimum number of bad edges obtained from 6@ -coloring is given by

by (Crp x Clp) = 2m.

Proof. For C,, x C,, where n > m, the chromatic number is 3 and it is a 4
regular graph. Hence, in this case the value of k£ can only be 2. Now, it is
clear from the definition of §(*)-coloring that every color class other than
(7 is an independent set. As we determine the minimum number of bad
edges resulting from §(®)-coloring, it is clear that a §(®)-coloring of a graph
is based on the independence number of the graph. The independence
number of G x H is given as a(G x H) > max{a(G)|V(H)|,a(H)|V(G)|}
(see [10]). Now, the independence number of direct product of odd cycles is
already been discussed in [14] as (n — 1)%. Now, the minimum number of
bad edges obtained from §®)-coloring for an r-regular graph, with n vertices
when k = 2 and « is the independence number is discussed in [6], is M
Thus, in this case, the minimum number of bad edges obtained from §(*)-
coloring of C,, x C,, is given as ba(C,, x Cy) = w =2m. O
Theorem 4.2. For C,, x K,, where m and n are odd, the minimum number
of bad edges obtained from 5 -coloring is given by

bo(Cry X Kpy) = n(n —1).

Proof. We know that, x(C,, x K,,) = 3 and hence the only value that
k can take in this case is 2. As explained in Theorem 4.1, we first use
the concept of independence number and provide an upper bound for the
minimum number of bad edges obtained from §®-coloring. We know that,
the independence number of G x H is given as

a(G x H) = max{a(G)|V(H)],a(H)|V(G)]}
(see [10]). Thus, in this case we have,

a(Cypy x K) > max{a(Crn) |V (En)|, a(K)|V(C) [} = max{m% |,m}.
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Since we consider m < n, here we have,

a(Cpy x Ky) > nL%J.

Now, the minimum number of bad edges resulting from §(?)-coloring of a
regular graph is w (see [6]). Thus, we have,

r(n—2a) _ 2(n—1)(mn —2n| %)

K,) >
bQ(Cm X n) jtl 2 jtl 2

>n(n—1).

Hence, the minimum number of bad edges resulting from a §?-coloring of
Cm X Ky 18, ba(Cr, X Kp) > n(n—1).

Now, we prove that by (Cy, x K,) is exactly equal to n(n — 1) by providing
a 0(-coloring that results in the same. Here, none of the g1h; where
1 < j < n are adjacent to each other, all the gih; can be assigned a
single color say c¢;. Now, each gih; is adjacent to every goh; except for its
corresponding vertex. Hence, the vertices goh; can be assigned the color
co or ¢;. However, our aim is to minimise the number of bad edges and so
we use the color ¢y to color gahj;. The next n set of vertices gsh; can be
colored with the color ¢; and the other set g4h; can be assigned the color
co. Thus, we can alternatively color each n set with two colors ¢; and ¢
properly. Now, the last set of n vertices, gmh; where 1 < j < n, has to
be assigned the color ¢; to maintain the definition of §(*)-coloring. Now,
the only edges that lead to bad edges are the edges between the first set of
vertices (g1h;) and the m-th set of vertices (¢mh;). Each of the n vertices
in the set g1h; that are assigned the color ¢; are adjacent to n — 1 vertices
of the set g, h; given the color ¢1, leading to a total of n(n — 1) bad edges.
Thus, the minimum number of bad edges between the C,, x K, resulting
from 6(®)-coloring is n(n — 1). O

Theorem 4.3. For K,, x K,, where m and n are odd and n > m, the
mianimum number of bad edges obtained from 6% -coloring is given by
nn—1(m—-k)(m-k+1)

Proof. The chromatic number, x(K,, x K,) = min{m,n}. Now, since we
consider n > m, x(K,, X K,,) =m and hence k can be 2 <k <m —1. In
this case, there can be two possible §(%)-colorings which are as explained
below. In K, x K,, every vertex is adjacent to every other vertex except
its corresponding vertices. Thus, either every corresponding vertex, which
is an independent set, can be assigned a single color or every n vertices in

76



ON 6)_-COLOURING OF GRAPH PRODUCTS

a single set, which is an independent set, can be given a single color. Now,
since 2 < k < m — 1, in the former case, n — k 4+ 1 independent set of m
vertices will receive the color ¢; and each m vertices assigned the color ¢;
is adjacent to m — 1 vertices assigned the color ¢;. Similarly, in the later
case m — k + 1 independent set of n vertices will receive the color ¢; each n
vertices assigned the color ¢ is adjacent to n — 1 vertices assigned the color
c1. Since there are n — k + 1 and m — k 4+ 1 independent set colored only
with the single color ¢; and since every vertex is adjacent to every other
vertex other than its corresponding vertex, both a §(¥)-colorings will lead to
m(m_l)(”gk)("_kH) and "("_1)(m_2k)(m_k+1) bad edges respectively. Now,

since n > m, the minimum number of bad edges obtained when both the
n(n—1)(m—k)(m—k+1)

5®)_colorings are compared is, when n > m and both

2
are same when n = m. Thus, the minimum number of bad edges obtained
n(n—1)(m—k)(m—k+1) 0
5 .

from 6(k)—coloring of K,, x K,, when n > m,

Theorem 4.4. For any graph G and H, the minimum number of bad edges
obtained from 6% -coloring of direct product G x H, is given by,
nn—1)(m—k)(m—k+1)

bi(Gx H) < B .

Proof. Since the maximum number of edges on m and n vertices is the
complete graph K,, and K, respectively, it is clear that, the maximum
number of edges a direct product of two graph G and H can have is | E(K,, X
K,)|. Now, it can be noted that, any direct product G x H is a subgraph of
K,, x K,,. Thus, it can be concluded that, by(G x H) < bp(K,, x K,,). O

The corona product of G and H is the graph G o H obtained by taking
one copy of G, called the centre graph, |V (G)| copies of H, called the outer
graph, and making the i-th vertex of G adjacent to every vertex of the
i-th copy of H, where 1 < i < |[V(G)]| (see [8]). The corona product is
not commutative and hence all the possible combination of §(¥)-coloring of
corona product of path graph, cycle graph and complete graphs are taken
into consideration in this paper.

Theorem 4.5. For P,, o P,, the minimum number of bad edges obtained
from a 8% -coloring is given by

o = {21 2] (2o [0+ 2] 3]}

for any m and n.
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Proof. The graph P,, o P, is 3-colorable and hence k can take only the
value 2. There can be two possible §(*)-coloring in this case as explained
below. The first coloring is to color the path graph P, with the vertices
v1,V2,. .., U, With two colors ¢; and ¢y alternatively. This coloring will
lead to [%] independent vertices that are assigned the color ¢; and | %]
independent vertices with the color c;. Now, the P,s corresponding to the
vertices in P, that are assigned the color cq, can be alternatively assigned
the color ¢; and co. Again, similar to the coloring of P,,, if we start coloring
the P, with color ¢;, there will be [§] independent vertices assigned the
color ¢; and | % | independent vertices that are assigned the color ¢z and vice
versa when started coloring it with the color c;. The former will increase
the number of bad edges due to the increase in the number of vertices that
receive the color ¢; and the later will decrease the same by 1. Hence, we
start coloring the P, with the color c; and then assign the next vertex the
color ¢; and so on. Now, there are [%] vertices in P, colored with color
c1, adjacent to the vertices of its corresponding path graph P,, that have

m

| 5] vertices assigned the color ¢;. This lead to [ ][ 5| bad edges between
them. Now, the P,s, corresponding to the | %] vertices in P, that receive
the color ¢y, should be assigned the color ¢; to maintain the definition of
6 _coloring. Thus, there will not be any bad edge between P,, and P, in
this case. However, every edge in P, will be a bad edge, leading to a total
of [ ](n — 1) bad edges. Thus, the total number of bad edges resulting

from this particular §*")-coloring is [2][2] + 2] (n — 1).

In the second 6®)-coloring, start coloring the vertices of P, alternatively
with the colors ¢, and ¢;. This will lead to [ ] independent vertices that
are assigned the color ¢; and | %] independent vertices with the color ¢,
which thereby leads in coloring [5] P,’s solely with the color ¢, lead-
ing to [%](n — 1) bad edges. NOW, the remaining vertices of the cor-
responding P,s, of the [ | vertices of P, that are assigned the color
c1, are assigned the color ¢z and ¢; alternatively leading to |5 ][5] bad
edges. Thus, the total number of bad edges resulting from this §*)-coloring
[51(n—1)+ [F]]5]. Now, when both the colorings are compared, the
bad edges obtained from both is the same when m is even and is the

min{[2][2] + [ 2] (0 — 1), [2](0 - 1)+ [2]|2]} when m is odd. O

Theorem 4.6. For C), o C,, the minimum number of bad edges obtained
from a 8% -coloring is given by

n(3m—1)+4 m(n+2)

min{
b _ min{ if m is even, n is odd and k=2,
k(CmoCn) m, if m, n are both odd and k=3,

min {222, %}, if m, n are both even and k=2.

Y, if mois odd, n is even and k=2,
3n(n+1) m,(n+3§+2n}
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Proof. The different cases for a 6(¥)-coloring of C,,0C,,, for different parities
of m and n and for different values of k are explained as below.

Case 1: Let m be odd and n be even. The odd cycle C,,, when colored with

two colors ¢; and ¢o will lead to 1 bad edges (see [15]). Now, the C,, where

n is even can be properly colored using two colors. However, since the | % |

vertices of €, are assigned the color ¢y, its corresponding Cy,’s (| %] Cy's)
should be colored only with ¢; to meet the requirements of §*)-coloring.
This will lead to [ |n bad edges. Also, the [%] vertices of C,, that are
assigned the color ¢; adjacent to its corresponding C),’s are assigned the

color ¢; and ¢y, will lead to [%5]% bad edges. Thus, the total number of

bad edges obtained from §*)-coloring of C,, o C,, when m is odd and n is
even | |n+[3]5 +1= W. Now, another possible §(*)-coloring
for this case is that, the cycle C,, is colored with a single color ¢;, leading
to m bad edges and the m C,,’s are alternatively assigned the color ¢; and
c2. This will lead to “5* bad edges between C, and C,,. Thus, the total

number of bad edges obtained from this 6(*)-coloring is m + = M

Hence, the minimum total number of bad edges obtained from §(®)-coloring
n(3m—1)+4 m(n+2) }
1 2 :

of C,, o C,, when m is odd and n is even is min{

)

Case 2: Let m be even and n be odd. Since m is even, coloring C,,, with

two colors ¢; and ¢p will lead to no bad edges in C,,,. Now, the f%l vertices

of C, are assigned the color ¢; and |%] vertices are assigned the color
n

c2, leading to one bad edge in each of % C),’s and |5 ] between them.
The remaining C,’s that are adjacent to the vertices of C,, (| %] vertices)
which are assigned the color cs, are solely colored with the color c;, to
meet the definition of §(*)-coloring. This will lead to get |5 Jn bad edges.
Thus, the total number of bad edges resulting from this §(*)-coloring is
22+ |2 n+ 2 = 32(2E). Now, the second possible §¥)-coloring for
this case is same as that of second §(¥)-coloring explained in Case 1. This
coloring will lead to all the edges in C,, to be bad (since all the m vertices
are assigned the color ¢1). However, since n is odd in this case, there will

be 1 bad edge in each of the n copies of C,, and m[%] bad edges between
C,, and C,. Thus, the total number of bad edges in this case is mn+3)+2n
Thus, the minimum number of bad edges resulting from a §*)-coloring of

. . . 3n(ntl 2
Cy, 0 Cy, when m is even and n is odd is min{ 3”(Z+ ) m("+23)+ “1

)

Case 3: Let m and n be odd and & = 3. The chromatic number of C,,, o C,,
when m and n are odd is 4 and hence, we have £ = 3 and k = 2. First
we discuss a §®)-coloring of C), o C,,. Since k = 3, we maximise the use of
the colors ¢y and c¢3 and minimise the use of color ¢; as much as possible.
A §®)_coloring that exactly explains the same is as follows. Assign the
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vertices of C,, alternatively with the colors ¢y and c3 and the last vertex
Uy, 18 assigned the color ¢;. This is a proper coloring of an odd cycle with
k = 3 colors. Now, each of the m — 1 C},’s corresponding to the vertices of
the C,, assigned the color cs and c3 can be given the colors ¢; and c3, and
c1 and cy respectively. This will lead to 1 bad edge in each of the m — 1
Cy’s. Now, the corresponding C), of the v,,th vertex of (), that is assigned
the color ¢; can be properly colored with k = 3 colors, leading to 1 bad
edge between C,, and C,. Thus, the total number of bad edges resulting
from this (*)-coloring which minimises the use of color ¢ is m.

Case 4: Let m and n be odd and k£ = 2. In this case, we have two
6()_colorings as explained in the above cases. The first §(*)-coloring is
alternatively coloring odd C,,, with k = 2 colors leading to 1 bad edge in C,,.
Now, the Cys, corresponding to the [ | vertices of C,, that are colored with
c1 and L%J vertices are assigned the color co, are assigned the color ¢; and ¢

alternatively. This will lead to have a total of 1+ [ [+n|% ] +[F]|[5] =

w bad edges. The second §®)-coloring is same as the second
5 _coloring of Case 1. The C,, is exclusively colored with the color ¢;
and the corresponding C,s are assigned the color ¢; and ¢y (see [15] for
a 6)-coloring of an odd cycle). This §®)-coloring will lead us to have
m4m+m[y] = w bad edges. Thus, the min{ 3m(1+z)7”+7, m<7;+5)} is
the minimum number of bad edges obtained from a 5(k)—coloring of C,,0C,,
when both m and n are odd and k = 2.

Case 5: Let m and n be even and k = 2. The x(C,, 0C),) when both m and
n are even is 3. Hence, the only value that k can take in this case is 2. We
discuss two possible §(F)-colorings for this case. In the first §()-coloring,
since m is even, the C), can be properly colored with k = 2 colors. Now,
each of the C,,’s adjacent to the Z' vertices of C,, assigned the color ¢; are

2
given the color ¢; and cy alternatively leading to “* bad edges between

them. Now, the 5 C)’s that are adjacent to % vertices of (), assigned

the color ¢, are solely colored with ¢;, to maintain the definition of §*)-
coloring. Thus, this leads to getting “5* bad edges. Hence, the total number

of minimum bad edges obtained from this §(¥)-coloring is ?”TTT". Now, the
second 6*)-coloring is same as that of the second 6*)-coloring explained

in Case 1 and the number of bad edges obtained from this case is w

Thus, the minimum number of bad edges obtained from a §®)-coloring of
Cyn 0 C,, when both m and n are even and k = 2 is min{222, W} O
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Theorem 4.7. For P,, o C,, the minimum number of bad edges obtained
from a 8% -coloring is given by
3mn
4 I
3mn—mn

bz(Pm © CTL) = 3m?n+17)

if m and n are even,
if m is odd and n is even,

P if m is even and n is odd,
3(m+nm+1)—n

T , if m and n are odd.

Proof. The chromatic number of P,, o C}, for any m and n is 3. Thus, the
only value k can take in this case is 2. Now, for different parities of m and
n, different §(*)-colorings and the number of bad edges obtained from the
same is as explained below.

Case 1: Let m and n be even. In this particular case, coloring P, alterna-
tively with ¢; and ¢y or vice versa will lead to same number of bad edges in
the graph and hence we color the P, alternatively with ¢; and c. This will
lead to no bad edges in P,,. However, the vertices, of the corresponding
C,, of the vertices that are assigned the color ¢; in P,,, are assigned the
color ¢; and c¢o alternatively and the remaining C),’s are assigned exclu-
sively assigned the color ¢; to maintain the requirements of 6®)-coloring.
Thus, there are a total of 3 + Fn = 3’77" bad edges resulting from a
8()_coloring of P,, o C,, when both m and n are even.

Case 2: Let m be odd and n is even. As explained in Theorem 4.5, there
can be two possible §(*)-colorings for this case. The first coloring is when
the P,, is alternatively colored with the colors ¢; and cs and the second
one the vertices of P,, is assigned the colors cs and c¢; alternatively. The

former will create [3]5 + [5]n = W bad edges in the graph and

the later creates [ [n + [F|5 = "(B#H) bad edges. Thus, when the

two 6(®)-colorings are compared the minimum bad edges obtained from a

6®)_coloring of P,, o C,, when m is odd and n is even is %.

Case 3: Let m be even and n be odd. Since m is even, coloring the vertices
of P, alternatively with ¢; and ¢y or ¢ and c¢;, will lead to same number
of bad edges in P,, o C,,. Thus, we alternatively color the P,, with the
colors ¢; and co. Now, the corresponding C),s of each of the vertices in
P,, that have received the color c¢; are alternatively assigned the color c;
and co. This will generate 1 bad edge in each of the C,, since n is odd and
5] of bad edges between them. Now, the % vertices of P, that receive

the color ¢y, its corresponding C,, is solely given the color ¢; to maintain

the requirements of §(®)-coloring. This will lead to 75+ bad edges between
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them. Thus, the total number of bad edges in P,, o C,, when m is even and

nisoddis B[§] + 5 + & = 737”(2“).

Case 4: Let m and n be odd. As explained in Theorem 4.5, since m is

odd there can be two possible 6(*)-colorings, one where the vertices of P,

are assigned the color ¢; and ¢y alternatively and the other vice versa.

The former will lead to [%] bad edges in the respective cycles C,, that

are colored with two colors and [%][%] bad edges between P, and Cp,
m

whose [3] vertices are assigned the color ¢; and [#] vertices are given

the color ¢; respectively. Now, there are n bad edges in || Cys that are
corresponding to | % | vertices of P, that are assigned the color cz, leading
to | % ]n bad edges. Thus, the total minimum number of bad edges resulting

from this 6(")-coloring when m and n are odd is [2][2] + [2]+]%[n =

w in Py, o Cy,. Now, the later will lead to || bad edges in
the respective cycles that are colored with two colors and |%][%] bad

2
edges between P, and C,, whose | % | vertices are assigned the color ¢; and
[5] vertices are given the color c; respectively. Between the [7] vertices
of P,, that are assigned the color ¢y and its corresponding C),’s that are

only colored with c;, there are [%|n bad edges. Thus, there are a total
of ||+ B3]+ [%]n = w bad edges resulting from this
coloring. Now, when both the §()-colorings are compared, the minimum
number of bad edges resulting from the 6(*)-coloring of P,, o C,, when both
m and n are odd is w. O
Theorem 4.8. For P,, o K,,, the minimum number of bad edges obtained
from the §*)-coloring where 1 < k < x(P,, o K,,) — 1 is given by

mn—k+2)(n—k+1)

bk(PmoKn): 9 5

for all m and n.

Proof. The minimum number of colors required to color P, o K, is n + 1,
hence, in this case the k can take the values from 2 to n. Now, color the
vertices of the path graph alternatively with the colors ¢; and c3. Now,
there are [%] vertices that receive the color ¢; and | %] vertices that are
assigned the color ¢s in P,,. Now, each of the K,,’s corresponding to each of
the [ 5] vertices that receive the color ¢; will lead to [% ] WLW bad
edges (see [15], for the 6(*)-coloring of K,,) and [ ](n —k+ 1) bad edges
between them. For the remaining | %] K,’s corresponding to the vertices
that are assigned the color ¢y in P,,, there are w bad edges.
This is because, the color ¢ cannot be used to color the K,,’s in this case
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to maintain the definition of §(*)-coloring. Also, there will not be any bad
edge between them. Thus, the total number of bad edges obtained from this

5 -coloring for P,, 0K, for any m and n is [%2] W—l— [ ](n—Fk+

1)+ | m | (k)b ) (1) ([ 05k 4 m (0=h) gy other

words, we can say that, in P, o K,, each vertex of P,, is adjacent to every

vertex of K, and hence there are m number of disjoint K, 1. We know
(n—k+1)(n—k)
2

that the minimum number of bad edges obtained from K, is
(see[15]). Thus, in this case each K,y will have MH)QM bad edges.

Thus, the total number of bad edges obtained from a §*)-coloring of P,,0 K,
is m(n—k+2)(n—k+1 0
—_—— .

Theorem 4.9. For C,, o P,, the minimum number of bad edges obtained
from the 6% -coloring is given by

3m(n—1)

, if m is even and for any n,
bo(Cm o Pp) = { (Bme1)(n—1)+4
1

, if m is odd and for any n.

Proof. The minimum colors required in coloring C,, o P, is 3 and so the
only value that k can take is 2. The following are the two cases discussed
for C,, o P, when k = 2 for different parities of m when n is either even or
odd.

Case 1: Let m be even. Now, every even cycle can be properly colored

with two colors with 7 possibility for each color, leading to no bad edge

in the even cycle C,,. Now, the P,s, corresponding to 5 vertices of Cp,

that are assigned the color ¢;, can be alternatively assigned the color cy
and c; respectively, leading to a total of %% | bad edges between them
(Note that, if the P,s are alternatively colored with the colors ¢; and co
respectively, there will be [%] vertices that receive the color ¢, leading to
[5 ] bad edges between the Cy,, and P,). Now, the remaining P,s, adjacent
to the vertices of C), which are assigned the color ¢y, should be exclusively
colored with the color ¢; to maintain the definition of §(*)-coloring. This

will lead to % (n — 1) bad edges. Thus, the minimum total number of bad
edges resulting from §(®)-coloring of C,, o P, when m is even and for any
nis 5] +5(n-1)= 737"(2_1).

Case 2: Consider m to be odd. We know that, §®)-coloring of an odd
cycle with k£ = 2 available colors will lead to 1 bad edge in the cycle, with
[%] vertices receiving the color ¢; and [ | vertices the color c;. Now,
as explained in the above case, the P,s that are adjacent to the vertices

that are assigned the color ¢; will lead to a total of [%][%] bad edges
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and the P,s adjacent to the vertices that are colored with co will lead to
|5 ](n — 1) bad edges. Thus, the minimum total number of bad edges

obtained from §®*)-coloring of C,, o P, when m is odd and for any n is
L+ [315) + L5 (n — 1) = Em==ns, 0

Theorem 4.10. For C,, o K,,, the minimum number of bad edges obtained
from the 8% -coloring where 1 < k < x(Cy 0 K,,) — 1 is given by

m(n—k+1)(n—k+2)

b(Crm 0 Ky,) = ket D(ne
#(Cm 0 Kn) {m(n kH)g" K2+2 - ifm is odd and for all n.

if m is even and for all n,

Proof. The chromatic number of C,, o K,,, for any parity of m and n, is
n+ 1. In this case, the k will be 2 < k < n. For the different parities of m,
there are two cases that are addressed separately as follows.

Case 1: Let m be even. Now, the minimum number of colors required to
color an even cycle is 2. Hence, for any value of k, C,, will lead to no

bad edges. Now, as explained in Theorem 4.9, every K, adjacent to the

L vertices receiving the color ¢y, can be colored with k£ colors leading to

2
a total of %% bad edges in the K,s. Also, there are % (n —

k + 1) bad edges between these K, and C,,. Now, the remaining K,,

adjacent to the % vertices that are colored with a color other than cq,

say o, cannot be assigned with the color ¢ to meet the definition of 6(*)-

coloring. Thus, these K,,s are colored with only k — 1 colors, leading to a
total of %w bad edges. Hence, the total number of bad edges
resulting from 6*)-coloring of C,, o K,, when m is even and for any n is
% (nkar;)(nfk) + %(n —k+ 1) + % (n7k+2)2(n7k+1) _ m(n7k+12)(n7k:+2) .

Case 2: Let m be odd. The minimum colors required to color an odd cycle
is 3. Now, the values of k is 2 < k < n. When k > 3, the C,, will lead to no
bad edges. However, when k = 2, there will be an edge in C,,, which is bad.
A common §®)-coloring for both the cases is discussed as follows. Color the
C', with only 2 colors say ¢; and ¢o. This will lead to 1 bad edge in C,, (see

[15]). Now, the remaining K,s, as explained in Theorem 4.9 and Case 1 of
the current theorem, will lead to [%] w and [ %] %
bad edges in K ;s that are adjacent to the vertices that are colored with the

colors ¢; and co respectively in C,,. Now, between the vertices of C,,s and

K,,’s that receive the color ¢;, there are [%](n — k + 1) bad edges. Thus,

the total number of bad edges resulting from §(¥)-coloring of C,, o K,, when
m is odd and for any n is 1+ [2]0=kED0zk) om0kt 2)nzkol)

[Bln—k+1) = 7’L("_k+1)§”_k+2)+2. Now, when k > 3, the odd cycle
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can be properly colored with & = 3 colors leading to no bad edge in the
Cm. However, there will be a total of [%] of vertices that receive the color
other than the color ¢; and [ % | vertices that receive the color ¢;. Now, this

will lead to [%]w and L%wa bad edges between
C,, and K,. Now, when both the colorings are compared, the number of
bad edges leading from either of the above mentioned 6*)-coloring is the

same. O

Theorem 4.11. For K, o P,, the minimum number of bad edges obtained
from the 6% -coloring for any m and n is given by

(m—k+1)(m—k) ka_ >3,

bk:(KmOP’rL) = m— 72n7 7 n :
{<1>2<2>+<n1>+<m1>t2j, k=2

Proof. The chromatic number of K,, o P,, is m. Thus, the available colors
in this case is 2 < k < m — 1. There are two cases for two different values
of k which are as explained below.

Case 1: Consider the case where k > 3. Now, it is known that, the mini-
mum number of bad edges resulting from 6*)-coloring of K, is %
(see [15]). Since the graph K, o P, has a complete graph K,, as its in-
duced subgraph, the minimum number of bad edges that K,, o P, will
have is at least that of the by(K,,). Now, we prove that, in this case, it
is exactly by (K,,). The minimum number of bad edges obtained from the
8®)_coloring of K, is WLW Now, since k > 3, the path graph P,
can be properly colored with any two colors other than the color assigned
to its corresponding vertex of K,,. Thus, the minimum number of bad
edges obtained from the §()-coloring of K, o P, is w A 5F)-

coloring of that explains the same is discussed as follows. Let vy, va, ..., vp
and uq,usg, ..., u, be the vertices of K,, and P, respectively. Color the ver-
tices vy, vs, ..., v of the K, with the colors ¢y, cs,...,cg. This is a proper

coloring with k different colors. Now, the remaining vertices are assigned
the color ¢; to maintain the requirements of §(*)-coloring. Now, each of the
P,, adjacent to each of its corresponding vertices of K,, are assigned the
color other than the corresponding vertex. The P,,, adjacent to its corre-
sponding vertex v; which is assigned the color ¢1, can be properly colored
with the two colors say co and cs. Similarly, the P,, adjacent to the vertex
v9 that is assigned the color co, can be properly colored with two colors say
c1 and c3. Thus, every mP,’s can be properly colored like wise. Hence, the
minimum number of bad edges obtained from §*)-coloring of K,, o P, is

WVm&mdn.
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Case 2: Let k = 2. Now, coloring K, with k& = 2 colors will lead to
(m— kﬂ)(m k) = (m= 1)2(m 2) bad edges. This is because, only one vertex
say the vertex v; can be assigned the color ¢y and all the remaining vertices
must be assigned with color ¢, to maintain the conditions of 6®)-coloring.
Now, the P,, which is adjacent to the vertex v; should be colored with the
color ¢1, to meet the requirements of 6(*)-coloring. This will lead to n — 1
bad edges in that particular P,,. The remaining m —1 P,’s, adjacent to the
its corresponding vertices of K, assigned the color c¢1, can be alternatively
colored with the colors cs and ¢; respectively (and not ¢; and ¢ respectively,
as it will maximise the use of the color ¢; and maximise the number of bad

edges between them). Thus, this will lead to (m—1)| 5 | bad edges between
them. Thus, there are a total of % +n—1+(m—1)[ %] bad edges
obtained from the 5(k)—coloring of K,oP,,whenk=2andV mandn. [

Theorem 4.12. For K,, o C,, for any m and n is even, the minimum
number of bad edges obtained from the 6)-coloring is given by

(bt D(m=k) = ik >3
bi (K, 0 Cp) = {m("”rni"'H”+2 ifk;Q

Proof. There are two different cases for a §®)-coloring of K,, o C,, for dif-
ferent values of k and when n is even. Since x(K,, o P,) = m, the values
of k will lie between 1 and m. Considering all the above mentioned facts,
both the cases are separately addressed as follows.

Case 1: Let k > 3. The proof explained in Case 1 of Theorem 4.11 applies
to this case as well since both paths and even cycles are bipartite and can
be properly colored with two colors by maintaining the constraints of 6(*)-
coloring when k > 3. Thus, in this case the minimum number of bad edges

resulting from §*)-coloring of K,, o P, is w

Case 2: Let k = 2. The proof for this case is similar to that of Case 2 of
Theorem 4.11. The K,, will lead to % bad edges. Now, the only
difference is that, the C,, that is adjacent to the vertex (only vertex) that is
assigned the color ¢ is given the color ¢1, leading to n bad edges in the cycle.
All the remaining m — 1 C,,’s are assigned the color ¢; and ¢y alternatively
leading to (m — 1)% bad edges between K, and (m — 1) Cy’s. Thus, the

minimum total number of bad edges resulting from §*)-coloring of K, o C,,

(m—2)(m—1) m(m+n—3)+n+2
boo ot e s O

when n is even and k = 2 is +(m—=1)5+n = 5
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Theorem 4.13. For K,,,oC,, for any m andn is odd, the minimum number
of bad edges obtained from a §%)-coloring is given by

(m—k+1)(m—k) ka > 4;

2 )
bk(KmOCn): W, if k=3,
mimimin=l g =2,

Proof. The chromatic number of K,, o C,, when n is odd is m and hence
we discuss a 6(®)-coloring of the same for the different values of k where
2 < k < m — 1. There are three different cases for the same that are
addressed separately as follows.

Case 1: Let k > 4. The minimum number of bad edges obtained from
5(k)—coloring of K,, oC,, when k > 4 is w The proof for this
case is same as that of the proof explained in Case 1 of Theorems 4.11 and
4.12.

Case 2: Let k = 3. The K,, when colored with & = 3 colors will lead
to (m_lﬁé)(m_k) = (m_2)2(m_3) bad edges (see [15]). Now, there are only
two vertices in K,, say v; and vy that can be colored with the colors co
and c3. Rest of all the vertices have to be colored with the color c;, to
meet the requirements of a 6(*)-coloring. Now, since C), is an odd cycle, it
will require at least 3 colors to color it properly. Although, the number of
available colors is 3, since these colors are used in the coloring of K,,, each
cycle will lead a minimum of bad edges in the cycle or between the K,,, and
its corresponding C,,. Here, the vertex v, of K, is assigned the color cs
and hence the cycle is colored with two colors ¢; and c3 leading to no bad
edge between them. However, there will be a bad edge in C,, when colored
with two colors (see [15]). Similarly, in the case of the vertex vy that is
assigned the color c3, its corresponding C),, will lead to 1 bad edge when
colored with the colors ¢; and ¢y. The remaining (m — 2) C),’s will lead to
one bad edge between the vertices of K,,, and its corresponding C,,. Thus,
the total number of bad edges obtained from §(®)-coloring of K, o C), when
n is odd is W—kZ—l—(m—Z): w. Case 8: Let k = 2.
As explained in Case 2 of Theorem 4.12, only one vertex say vy of the K,,

is given the color ¢y, rest all are colored with the color ¢;. This will lead

(m—1)(m—2)

to ——=
2

bad edges. Now, C}, corresponding to the vertex v, is solely
colored with ¢;, to meets the requirements of 6(*)-coloring, and this leads
in n bad edges in this particular cycle. The remaining C,s are colored with
two colors ¢; and cs, leading to 1 bad edge in each of the m — 1 Cy,s and
(m —1)[%] bad edges between the K, and C,. Thus, the total number of
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bad edges resulting from 6*)-coloring of K, o C,, when n is odd and k = 2
is (n=m=2) 4 () 1) 4 (m — 1)[2] + = mimdn)dnsl O

Theorem 4.14. For K, o K,, for any m and n, the minimum number of
bad edges obtained from a 5%)-coloring is given by

(m—k+ 1252 +n -k + 1522 (257)), i k>3,
bk(KmoKn): { (n(n—S)-‘rm)(m—%)-‘rQn ’ . if k=2
2 ) :

Proof. We know that, the minimum number of bad edges in K,, resulting
from 6)-coloring when the available colors are k, is w Each
of the K,,’s corresponding to the each of the vertex assigned the color ¢;
in K,, will lead to WLW bad edges and between them there will be
(m—k+1)(n—k+1) bad edges (for a detailed explanation on the coloring
pattern of §(®)-coloring of complete graphs see [15, 4]). Now, the K,’s
corresponding to the vertices that receive the color other than ¢; in K,,, i.e.
the k—1 vertices, can be colored with k—1 colors only (the color assigned to
its corresponding vertex in K,,, cannot be used in coloring its corresponding
K,). Thus, this will lead to (k — 1)% bad edges between them.
Thus, the total number of bad edges resulting from §*)-coloring of K, o K,,
when k& > 3 is w +(m— k‘—i—l)M (m—k+1)(n—k+

1)+ (k—1) SO, o (o 1) (25— k4 1 (2552 (22 0)). Case

2: Let k = 2. Coloring K, with k = 2 colors will lead to WLW =
(m—1)2(m—2)

bad edges. Now, all the corresponding K,s, other than the one
which is adjacent to the vertex assigned the color co of K,,,, are colored with
k = 2 colors, leading to (™= k+1)(" k) (n=k) _ (m= 1)(n2 D@=2) had edges
in the K,,. Now, between the vert1ces of K, that are abs1gned the color ¢;
ie. m— k+1 = m— 1 vertices of K,,, and m—k-+1=m—1 K,s there are
(m—k+1)(n— k+ 1) = (m—1)(n—1) bad edges. NOW7 the K, adjacent to
the vertex colored with the color ¢s of K, should be given only the color ¢;
to maintain the requirements of §(*)-coloring, leading to w bad edges.
Thus, the total number of bad edges resulting from 6*)-coloring of K,, 0 K,
when k = 2 s (2=Um=2) o (m=DD0=2) 4 (1) (n — 1) + 2070 =
(n(n—3)+mz)(m—1)+2n. ]

5 Conclusion

This paper focuses on a §*)-coloring of certain graph products viz. direct
product of two graphs and corona product of two graphs. The graph classes
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that are discussed here are path P,, cycle C, and complete graph K,
with their different combinations depending on the commutative property
of the products discussed. a 6*®)-coloring of different products can also
be investigated. We have only relaxed one color class to have adjacency
between the elements in it. However, permitting few more color classes to
be non independent set to minimise the bad edges resulting from it can be
a ground for further research. A comparative study on the number of bad
edges obtained when one color class and more than one color are relaxed
can also be a study of great research.
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