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Construction of local antimagic 3-colorable
graphs of fixed even size: Matrix approach

GEE-CHOON LAU, WAI CHEE SHIU, M. NALLIAH, AND
K. PREMALATHA

Abstract. An edge labeling of a connected graph G = (V, E) containing
m edges is said to be local antimagic if it is a bijection f: E — {1,...,m}
such that, for any pair of adjacent vertices u and v, we have f+(u) # fT(v),
where the induced vertex label f*(u) =Y f(e) with e ranging over all the
edges incident with u. The local antimagic chromatic number of G, denoted
by Xi4(G), is the minimum number of distinct induced vertex labels over
all local antimagic labelings of G. In this paper, we give ways to construct
matrices with integers in [1,10k], k& > 1, that meet certain properties.
Consequently, we obtain many families of (disconnected) bipartite (and
tripartite) graphs of size 10k with local antimagic chromatic number 3.

1 Introduction

Let G = (V, E) be a connected graph of order n and size m. A bijection
f:E—{1,2,...,m} is called a local antimagic labeling if f*(u) # f*(v)
whenever uv € E, where fT(u) = > ccn ) f(e) and E(u) is the set of edges
incident with u. The mapping fT, which is also denoted by fg; , is called
a vertex labeling of G induced by f, and the labels assigned to vertices
are called induced colors under f. The color number of a local antimagic
labeling f is the number of distinct induced colors under f, denoted by
¢(f). Moreover, f is called a local antimagic ¢(f)-coloring, and G is local
antimagic ¢(f)-colorable. The local antimagic chromatic number x;,(G) is
defined to be the minimum number of colors taken over all colorings of G
induced by local antimagic labelings of G, see [1]. In [2], Haslegrave proved
that each connected graph except K, admits a local antimagic labeling.
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CONSTRUCTION OF LOCAL ANTIMAGIC 3-COLORABLE GRAPHS

Thus, local antimagic chromatic number is well defined for all graphs with-
out a Ky component. Let G + H and mG denote the disjoint union of
graphs G and H, and m copies of G, respectively. For integers a < b, let
[a,0] = {a,a+1,...,b}.

The use of matrices that satisfy various properties have been used to de-
termine the local antimagic chromatic number of many standard graphs
(see [3-6]). However, the matrix in use either has empty cells or repeated
entries. It is interesting to obtain matrices without empty cells nor repeated
entries such that the entries correspond to a local antimagic ;4 (G)-coloring
of a graph G. In [7], the authors used matrices of size 5 x (2k + 1) and
11x (2k+1) to construct various families of (disconnected) tripartite graphs
of odd size 5 x (2k + 1) and 11 x (2k + 1) with local antimagic chromatic
number 3. In this paper, we give ways to construct various matrices with
even number of entries that meet certain properties. Consequently, we ob-
tain many new (disconnected) graphs (both bipartite and tripartite) of even
size with local antimagic chromatic number 3.

We shall need the following lemma.

Lemma 1.1 ([6]). Let G be a graph of size q. Suppose there is a local
antimagic labeling of G inducing a 2-coloring of G with colors x and vy,
where x < y. Let X and Y be the sets of vertices colored x and y, respec-
tively. Then G is a bipartite graph with bipartition (X,Y) and | X| > |Y].
Moreover,

q(q+1)
ol X[ = ylY] = =5

2 5 X 2k matrix

In this section, we refer to the following 5 x 2k matrix (with entries in
[1, 10k] bijectively) to get our results.

% 1 2 3 |- lk—-1 k k+1 | kE+2 |---|12k—=212k—-1| 2k
UW; 1 k+1|kE4+2|--2k—2|2k—-1 2 3 el k=1 k 2k
VW5 6k |6k+4 1|6k +2|---|Tk = 2|7k = 1| 7Tk +1 |7k +2|---|8k —2(8k —1| 8k
Tw; Tk |6k — 1|6k —3|---|4k + 5|4k + 3| 6k — 2 |6k —4 |- - |4k + 4|4k + 2|3k + 1
TiU; 10k 9k |9k —1|---|8k + 3|8k + 2|10k — 1|10k — 2|---|9k + 2|9k + 1|8k + 1
zv; |4k +1| 4k |4k —1|---|3k+ 3|3k +2| 3k 3k — 11 -2k + 3|2k + 2|2k 41
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We have the following observations:

(1)

(2)

3)

(7)

In each column, the sum of the first 3 row entries is a constant K; =
13k + 1.

In each column, the sum of the rows 1 and 4 (respectively, 2 and 5)
entries is Ko = 10k + 1.

The sums of the last 3 row entries for columns 1 and 2k are 21k + 1
and 13k + 3 respectively, while the corresponding sum for columns
2 to k (respectively, k + 1 to 2k — 1) form an arithmetic progression
from 19k — 1 to 15k 4+ 7 (respectively, from 19k — 3 to 15k + 5) in
decrement of 4. Moreover, the corresponding sum for columns a and
2k+1—ais34k+4 (1 <a<k).

The sum of all the last 3 row entries is S = k(34k + 4).

If 2k = rs with r > 2 and s > 1, then we can divide the table into
r blocks of s column(s) with the j-th block containing (j — 1)s + 1,
(j — s+ 2, ..., js columns. Suppose r is even. The sum of the
row 3 entries in the j-th block, and the rows 4 and 5 entries in the
(r+1—j)-th block (1 <j<r/2)is K3 = s(17k+2). Similarly when
risodd and 1 < j < (r — 1)/2, the sum of the last three row entries
in the (r + 1)/2 block is also K3.

For 1 <7 < 2k, the sum of the rows 2 and 3 entries of column ¢ and
the row 4 entry of column 2k + 1 — i is a constant K, = 21k + 1.

For 1 < i < k, the sum of row 4 columns i and 2k + 1 — i entries is
a constant 18k + 1, while the sum of row 5 columns 7 and 2k + 1 — 4
entries is a constant 6k + 2.

The join graph of the graphs G and H is denoted by G V H. We denote
nP; V Ky by FB(n), the fan graph with n blades. Note that FB(1) =
P;V Ky = Kj 9V K; is also the fan graph F of order 4. In [7, Theorem 2.1],
the authors have proved that x;,(FB(n)) = 3 for odd n > 1. We now
extend it to even n > 2.

Theorem 2.1. For k > 1, we have y;,(FB(2k)) = 3.

Proof. Note that F'B(2k) is of size 10k. Let the vertex set and edge set of
the i-th copy of FB(1) be {u;, v;, w;, x;} and {u;w;, v;w;, Tw;, Tiw;, ;0 },
respectively, 1 < ¢ < 2k. Observe that the table above gives a bijective
edge labeling f of 2k copies of F'B(1) using integers in [1, 10k] with induced
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CONSTRUCTION OF LOCAL ANTIMAGIC 3-COLORABLE GRAPHS

vertex labels
JH(ui) = f(vy) = 10k + 1, S (wi) =13k +1,

2k
D F (i) = k(34k + 4),

for 1 < 4 < 2k. Merging the vertices 1 to xor gives us FB(2k) that
has a vertex x with f*(z) = k(34k + 4). Thus, x1,(FB(2k)) < 3. Since
Xia(FB(2k)) > x(FB(2k)) = 3, the theorem holds. O

Example 2.2. With £ = 6 and the following table

1 112134 |5 |67 |89 101112
ww; | 1| 7181910112 |3 |4]5]|6]12
viw; | 36 | 37 | 38 | 39 | 40 | 41 | 43 | 44 | 45 | 46 | 47 | 48
Tiw; |42 13533131 |29|27]|34|32]30]|28]26 |19
xiu; [ 60 | 54 | 53 | 52 | 51 | 50 | 59 | 58 | 57 | 56 | 55 | 49
vy (251241232221 (20|18 |17 (16|15 |14 |13

we have a local antimagic labeling for 12FB(1) as shown in Figure 2.1.

Figure 2.1: Twelve graphs that correspond to the 12 columns above.

Merging vertices 1 to w12 gives the vertex x of FB(12) and the corre-
sponding local antimagic 3-coloring.

Theorem 2.3. If rs > 4 with r > 2 and even s > 2, then x;,(rFB(s)) = 3.

Proof. Begin with 2k = rs copies of FB(1) with edge labeling as in the
proof of Theorem 2.1 and keep all the notation.
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For each j € [1,7], we merge the vertices in

{@(—1)s/24a> Tak—(j—1)s/241-a | 1 S a < s5/2}.

We immediately get r copies of FB(s) with a bijective edge labeling using
integers in [1,10k]. By Observation (3) above, rF'B(s) admits a local an-
timagic 3-coloring with induced vertex labels 10k+1, 13k+1, and s(17k+2).
Thus, xi1a(r(FB(s))) < 3. Since x14(r(F'B(s))) > x(r(FB(s))) = 3, the
theorem holds. O

Example 2.4. Consider n = 12. We can obtain 3FB(4), 6FB(2), and
2FB(6) from 12FB(1) with corresponding edge labeling similar to that
in Example 2.2 by merging the vertices, respectively, in

{®2i-1,02i, T13-2i, T1a—2i}, for 1 <7 < 3;
{4, 13-4}, for 1 <14 < 6;

{&3i—2,®3i—1, 23, T13-3i, T14—3i, T15-3; }, for 1 <4 < 2.

For r,s > 2,1 <i<r, let G; = FB(s) with vertex set
{uij,vij,wij, ;|1 <5< s}

and edge set
{ui jwi g, vijwi g, viwi 5 | 1< j < sh.

Note that wu;; and v;; are of degree 2, w;; is of degree 3, and z; is of
degree 3s.

Denote by F'By(r,s) the graph obtained from Gy,...,G, by merging the
vertices in {u; ; |1 <i <r}andin {v;; | 1 <i < r}, respectively for each
1 < j <'s. Let the new vertices be u; and vj, respectively for 1 < j <'s.
Note that F'Bi(r,s) has rs vertices of degree 3, 2s vertices of degree 2r,
and r vertices of degree 3s.

Denote by F'By(r,s) the graph obtained from Gy, ...,G, by merging the
vertices in {w; ; | 1 < ¢ < r}, respectively for 1 < j < s. Let the new
vertices be w; for 1 < j < s. Note that FBy(r,s) has 2rs vertices of
degree 2, s vertices of degree 3r, and r vertices of degree 3s.

Theorem 2.5. For r > 2 and even s > 2, we have x;o(FBi(r,s)) = 3 if
r# 0 (mod 4) and xjo(FBa(r,s)) =3 if rs #0 (mod 4).
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Proof. Let rs = 2k for even s > 2. Since x14(FB(r, s)) > x(FBy(r,s)) =3
for | = 1,2, it suffices to show that x;(FB;(r, s)) < 3. Using the r copies of
FB(s) in Theorem 2.3 and the corresponding local antimagic 3-coloring by
merging the degree 2 vertices as defined for F'B;(r, s), we can immediately
conclude that F'Bi(r, s) admits a local antimagic 3-coloring with each w; ;
(respectively, uj, v;, and «;) has induced vertex label 13k + 1 (respectively,
r(10k 4+ 1) and s(17k 4+ 2)),for 1 <j<sand 1 <i <.

Suppose 7(10k + 1) = s(17k + 2). If r is odd, then we have
r2(10k + 1) = rs(17k 4 2) = 2k(17k + 2).

So, 2k +1 = 2k? (mod 4), which is impossible. If r is even, then k is even.
Since s is even, r(10k + 1) = s(17k + 2) implies that r = 2s = 0 (mod 4).
Thus if r Z 0 (mod 4), then r(10k + 1) # s(17k + 2).

Similarly, by merging the degree 3 vertices as defined for F'Bs(r, s), we can
immediately conclude that FBa(r,s) admits a local antimagic 3-coloring
with each w; j, v; ; (respectively, w; and z;) has induced vertex label 10k+1
(respectively, r(13k + 1) and s(17k +2)), for 1 <j < sand 1 <i <r.

Suppose 7(13k+1) = s(17k+2). This implies that 2k(13k+1) = s?(17k+2).
Then 2k =0 (mod 4). Thus when rs = 2k £ 0 (mod 4), then r(13k+1) #
$(17k + 2). This completes the proof. O

For s > 1, let S1 and S2 be two copies of sP;. Let DF(2s) be the diamond
fan graph obtained from S; + Ss by joining a vertex y (respectively, z) to
every degree 1 vertex of Sy (respectively, S3) and every degree 2 vertex of
S (respectively, S1). Thus, DF(2s) has 4s vertices of degree 2, 2s vertices
of degree 3, and 2 vertices of degree 3s with size 10s.

For r > 1, let DF,.(2s) = rDF(2s) + F'B(s). Note that DF,.(2s) is of size
5(2r 4+ 1)s and has the following:

1. (4r + 2)s vertices of degree 2; we denote these vertices by u; and v;,
1<i<(2r+1)s.

2. (2r+1)s vertices of degree 3; we denote these vertices by w;, 1 <i <
(2r+1)s;

3. 2r + 1 vertices of degree 3s; we denote these vertices by x, y; and z;,
1 <17 <r. Hence s can be 1.

Theorem 2.6. If r,s > 1, then x;,(rDF(2s)) = 3.
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Proof. Let 2rs = 2k > 4. We first note that rDF(2s) is a bipartite graph
with equal partite set size. By Lemma 1.1, x;,(rDF(2s)) > 3. It suffices
to show that rDF(2s) admits a local antimagic 3-coloring.

Begin with 2rs = 2k copies of FB(1) with edge labeling as in the proof
of Theorem 2.1. Partition the (2rs)FB(1) into 2r blocks of s > 1 copies
of FB(1) such that the j-th block has vertices z(j_1)s4, for 1 < j < 2r
and 1 < a < s. Split each z; into =} and z? such that z} is adjacent
to w; and xf is adjacent to w;,v;. For each 1 < j < rand 1 < a <
s, merge the vertices in {x%jfl)s+a7$%2r7j)s+a} to get vertex y; and the
vertices in {2 ;)\, T(a,_j)sia) tO get vertex z;. We now have r copies
of DF(2s). By Observation (5), we conclude that rDF'(2s) admits a local
antimagic 3-coloring with degree 2 (respectively, 3 and 3s) vertices having
induced vertex labels 10k + 1 (respectively, 13k + 1 and s(17k +2)). Thus,
Xia(rDF(2s)) < 3. This completes the proof. O

Example 2.7. Using the twelve copies of FB(1) as in Example 2.2 so that
k = 6, we can take r = 3 and s = 2 to get 3DF(4) as shown in Figure 2.2.

Figure 2.2: The 3DF(4) with the defined edge labeling.

Every degree 2 vertex has induced label 61, the degree 3 vertices have
induced label 79, and the degree 6 vertex has induced label 208.

Theorem 2.8. For r > 1 and even s > 2, we have x;,(DF,(2s)) = 3.
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Proof. Let (2r+1)s = 2k > 6. Now, DF,.(2s) has size 10k. Since the F'B(s)
component is a tripartite graph, we have x;,(DF-(2s)) > x(DF.(2s)) = 3.
It suffices to show that DF,.(2s) admits a local antimagic 3-coloring.

Begin with (2r 4+ 1)s copies of FB(1) with edge labeling as in the proof
of Theorem 2.1. Partition the (2r 4+ 1)sFB(1) into 2r + 1 blocks of even
5 > 2 copies of FB(1) such that the j-th block has vertices x(;_1)s4q
for 1 <j<2r+1and 1 < a < s. By the similar approach as in the
proof of Theorem 2.6, we can construct the rDF(2s) using the j-th blocks
for j € [1,2r + 1)\ {r + 1}. The (r + 1)-th block is used to construct
the F'B(s) by merging vertices #,s11 t0 Z(;41),. By Observation (5), we
can also conclude that DF).(2s) that we obtained admits a local antimagic
3-coloring with degree 2 (respectively, 3 and 3s) vertices having induced
vertex labels 10k + 1 (respectively, 13k + 1 and s(17k +2)). This completes
the proof. O

Example 2.9. Using the twelve copies of FB(1) as in Example 2.2, we can
take r = 1 and s = 4 to get DF;(8). Note that the DF}(8) can be obtained
from the top two figures in Example 2.7 by merging y; and s, and also
z1 and zo. The FB(4) component can be obtained from Example 2.2 by
merging vertices x;, 1 = 5,6, 7, 8.

For 1 <a < sand 1 < j <, consider the rDF(2s) as in Theorem 2.6.
Recall that the j-th component has

1. 4s vertices of degree 2, namely u(;_1)s1as U2r—j)s+as V(i—1)sta> and
V(2r—j)s+as 1<a<s;

2. 2s vertices of degree 3, namely w(;_1)s1q and w2p_j)jsta; 1 < a < s;
and

3. 2 vertices of degree 3s, namely y; and z;.
We define the following graphs.

1. DF*(r,2s) is the graph obtained from rDF(2s) by merging the de-
gree 3 vertices

in {w1yera | 1< 5 <7} asab?,

in {we,—j)sta | 1< j <1} as a®®
Note that the degree of a® is 3r, for 1 <i<2and 1 < a < s.
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2. DF?(r,2s) is the graph obtained from rDF(2s) by merging the de-
gree 2 vertices
in {u(j—l)s—&-a | 1 < .7 < 7“} as 61’117
in {u(2r7j)s+a | 1 S .7 S T} as 62@’
in {v(j—l)s+a | 1<5< 7‘} as 537(11
in {v(2r_j)sta | 1< j <7} as g4
Note that the degree of 3% is 2r, for 1 <i<4and 1 <a <s.

3. DF3(r,2s) is the graph obtained from rDF(2s) by merging the de-
gree 3s vertices
in{y; [1<j<r}asy,
in{z; |1<j<r}asz.
Note that the degree of y (and z) is 3rs.
Further, for even r > 2, denote by DF*(r,2s) the graph obtained from
rDF(2s) by merging y; to z;11 to obtain a degree 6s vertex, for 1 < j <r,
where 2,11 = 21. Note that DF3(2,2s) = DF*(2,2s).
Theorem 2.10. For r > 2 and s > 1,
1. Xia(DF*(r,25) if s is even and rs Z 0 (mod 4);
2. Xta(DF?(r,2s) if s is even and r Z 0 (mod 4);
3. Xia(DF3(r,2s)
4. x1a(DF*(r,2s)

3
3
3;
3.

)
)
)
)

Proof. Note that DF(r,2s) is a bipartite graph with equal partite set size
for each i, 1 < ¢ < 4. By Lemma 1.1, x;,(DF*(r,2s)) > 3. It suffices to
show that ;o (DF(r,2s)) <3 for 1 <i < 4.

Let k = rs. Using the r copies of DF(2s) in Theorem 2.6 and the corre-
sponding local antimagic 3-coloring by merging the degree 3 vertices as de-
fined for DF(r,2s), we can immediately conclude that DF(r,2s) admits
a local antimagic 3-coloring having 2s (respectively, 4rs and 2r) vertices
of degree 3r (respectively, 2 and 3s) with induced vertex label r(13k + 1)
(respectively, 10k + 1 and s(17k + 2)). From the proof of Theorem 2.5, we
have shown that r(13k 4 1) # s(17k + 2) under the assumption.

Merging the degree 2 vertices as defined for DF?(r,2s), we can immediately
conclude that DF?(r,2s) admits a local antimagic 3-coloring having 4s
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(respectively, 2rs and 2r) vertices of degree 2r (respectively, 3 and 3s) with
induced vertex label 7(10k +1) (respectively, 13k+1 and s(17k+2)). From
the proof of Theorem 2.5, we have shown that r(10k + 1) # s(17k + 2)
under the assumption.

Merging the degree 3s vertices as defined for DF3(r,2s), we can immedi-
ately conclude that DF3(r,2s) admits a local antimagic 3-coloring having
4rs (respectively, 2rs and 2) vertices of degree 2 (respectively, 3 and 3rs)
with induced vertex label 10k + 1 (respectively, 13k + 1, and rs(17k + 2)).

Merging the degree 3s vertices pairwise as defined for DF*(r,2s), we can
immediately conclude that DF?(r,2s) admits a local antimagic 3-coloring
having r (respectively, 4rs and 2rs) vertices of degree 6s (respectively, 2
and 3) with induced vertex label 2s(17k + 2) (respectively, 10k + 1 and
13k +1).

Thus, X1(DF(r,25)) < 3 fori =1,2,3,4. O

3 6 X 4n matrix

We first construct a 6 x 4n matrix, with » > 1, using integers in [1, 20n]
where integers in [2n + 1,4n] U [16n + 1, 18n] are used twice.

R1 1 2 e 2n -1 2n |6n+2|6n+4|- --|10n —2| 10n
R |16n + 1|16n + 2|---{18n — 1| 18n 18n |18n — 1|---|16n + 2|16n + 1j+—
Rs |14n — 1|14n — 3|---|10n + 3{10n+ 1| 6n |[6n—1|--|4n+2|4n+1
R4 |14n + 1|14n + 2|---|16n — 1| 16n [6n+1{6n+ 3| --[10n — 3[10n — 1
Rs |2n+1|2n+2|--|4n—1 4n dn |4dn—1|---|12n+2|2n+1
Rs 14n  |14n — 2|---[10n 4+ 4|10n + 2| 20n [20n — 1|---|18n 4+ 2(18n + 1

The “+” indicates numbers in that row appear twice. We are now ready to
trace 2n sequences, denoted 11, T5, ..., To,, of length 12 as follows:

Tp 1 16n + 1{14n — 1| 6n + 2 18n 6n 14n 4+ 1|2n + 1 14n 6n + 1 4an 20n
To 2 16n + 2(14n — 3| 6n + 4 |18n — 1|6n — 1|14n + 2|2n + 2|14n — 2| 6n + 3 [4n — 1|20n — 1

Th, n 17n 12n + 1 8n 17n 4+ 1|5n + 1 15n 3n 12n + 2| 8n — 1 |3n + 1{19n 4+ 1
T"+1 4n 4+ 1(16n + 1 10n 10n + 1 18n 2n 18n 4+ 1(2n 4+ 1{10n — 1[{10n + 2 an 16n
Tn+2 4n + 2(16n + 2(10n — 2|10n 4+ 3|18n — 1(2n — 1|18n + 2|2n + 2|10n — 3|10n + 4|4n — 1|16n — 1

Top, 5n 17n 8n + 2 |12n — 1|17Tn + 1| n + 1 19n 3n 8n + 1 12n 3n 4+ 1|15 + 1

common +1 +1 —2 ) —1 —1 F1 F1 —2 +2 —1 —1
diff. T T T T

The “1” indicates numbers in that column appear twice. It is easy to verify
that there is a bijective mapping between the entries in the matrix above
and the terms of the sequences.
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Consider two 8-cycles G = wujusug---ugu; and H = wvyvg---vgv;. The
graph Cy(8,2) is obtained from G + H by adding the edges ugva, uqv4,
ugVg, and ugvs.

Theorem 3.1. For n > 1, we have x;,(nCy(8,2)) = 3.

Proof. Let G = nCy(8,2). By definition, G is a bipartite graph with equal
partite set size. By Lemma 1.1, x;,(G) > 3. It suffices to show that G
admits a local antimagic 3-coloring.

We now have the following observations.

(1) For each T,, 1 < a < 2n, the sum of the first and last terms (respec-
tively, the 3-rd and 4-th; the 6-th and 7-th; and the 9-th and 10-th
terms) is a constant 20n + 1.

(2) For each Ty, 1 < a < n, the sum of the first 3 terms (respectively, the
last 3 terms); whereas for n+ 1 < a < 2n, the sum of the 4-th to 6-th
terms (respectively, the 7-th to 9-th terms), is a constant 30n + 1.

(3) ForeachT,, 1 < a < n, the sum of the 4-th to 6-th terms (respectively,
the 7-th to 9-th terms); whereas for n + 1 < a < 2n, the sum of the
first 3 terms (respectively, the last 3 terms), is a constant 30n + 2.

(4) For 1 <a <mn, T, and T},,1, have the same second, fifth, eighth and
eleventh terms.

For 1 < a < n, let the vertex set and the edge set of the a-th copy of
04(8, 2) be
{ua,hva,i | 1 S 1 S 8}

and
{Ua,i%a,i+15Va,iVa,i+1; Ua,2jVay2; | 1 <4< 8,1 <5 <4},

respectively, where ug9 = Uq,1, Va9 = Vo1 We now define a bijective
function f : E(G) — [1,20n] such that for the a-th copy of C4(8,2), f
assigns the edges of the 8-cycle g 1Ug2 - - Uq sUq1 (respectively, the 8-
cycle vg,1Vq,2 - Va,8Vq,1) by the first, third, fourth, sixth, seventh, ninth,
tenth and twelfth terms of T, (respectively, T),+,) consecutively, while the
edges Uq 20,2, Uq,4Va,4;, Ua,6Va,6 Nd Uq gVq,g are assigned by the second,
fifth, eighth and eleventh terms of 7,. By the observations above, we
can immediately conclude that f is a local antimagic labeling of G such
that every degree 2 vertex has induced vertex label 20n + 1, where every
two adjacent degree 3 vertices have induced vertex 30n + 1 and 30n + 2
respectively. Thus, G admits a local antimagic 3-coloring. This completes
the proof. O

78



CONSTRUCTION OF LOCAL ANTIMAGIC 3-COLORABLE GRAPHS

Example 3.2. Taking n = 6, we have the following sequences:

Ti: 1, 97, 83, 38, 108, 36, 85, 13, 84, 37, 24, 120
To: 2, 98, 81, 40, 107, 35, 86, 14, 82, 39, 23, 119
Ty: 3, 99, 79, 42, 106, 34, 87, 15, 80, 41, 22, 118
Ty: 4, 100, 77, 44, 105, 33, 88, 16, 78, 43, 21, 117
Ts: 5, 101, 75, 46, 104, 32, 89, 17, 76, 45, 20, 116
Ts: 6, 102, 73, 48, 103, 31, 90, 18, 74, 47, 19, 115
T:: 25, 97, 60, 61, 108, 12, 109, 13, 59, 62, 24, 96
Ts: 26, 98, 58, 63, 107, 11, 110, 14, 57, 64, 23, 95
To: 27, 99, 56, 65, 106, 10, 111, 15, 55, 66, 22, 94
Tio: 28, 100, 54, 67, 105, 9, 112, 16, 53, 68, 21, 93
Tip: 29, 101, 52, 69, 104, 8, 113, 17, 51, 70, 20, 92
Ti»: 30, 102, 50, 71, 103, 7, 114, 18, 49, 72, 19, 91

Then 6C4(8,2) is labeled as shown in Figure 3.1.

We keep the names of vertices of nC4(8,2) defined in the proof of Theo-
rem 3.1. Suppose n = rs with r > 1 and s > 2. Consider each b € [1,7].
Let G1(r,s) be obtained from rs copies of C4(8,2) by merging degree 2
vertices in {up_1ys4i2j—1 | 1 <@ < s} to get degree 2s vertices; and in
{V—1)s+i2j—1 | 1 < i < s} to get degree 2s vertices, for each j € [1,4],
respectively. Let Ga(r, s) be obtained from rs copies of Cy(8,2) by merging
degree 3 vertices in {up_1)sti2; | 1 < @ < s}, for each j = 1,4 respec-
tively, to get degree 3s vertices; and in {v(p_1)s44,25 | 1 <4 < s}, for each
j = 2,3 respectively, to get degree 3s vertices. Note that both G1(r, s) and
Go(r, s) are bipartite graphs with equal partite set size having r compo-
nent(s).

Theorem 3.3. If m = 1,2, r > 1, and s > 2, then x4 (G (r,s)) = 3.

Proof. For m = 1,2, since G,,(r, s) is bipartite graph with equal partite set
size, we have x;q(Gn(r, s)) > 3. It suffices to show that G,,(r, s) admits a
local antimagic 3-coloring. Let n = rs. Begin with the nCy(8,2) and the
corresponding local antimagic 3-coloring as in the proof of Theorem 3.1.
Note that G1(r, s) has vertices of degree 2s and 3. By way of construction
of Gy(r,s), we immediately have a local antimagic labeling with induced
vertex label of degree 2s vertices is s(20n + 1) and every two adjacent
degree 3 vertices still have induced vertex labels 30n + 1 and 30n + 2,
respectively.
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Figure 3.1: The 6C4(8,2) with the defined edge labeling.
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Note that Ga(r, s) has vertices of degree 2, 3, and 3s. Similarly, by way
of construction of Ga(r, ), we immediately have a local antimagic labeling
with induced vertex label of degree 2 vertices is 20n+ 1, of degree 3 vertices
is 30n+2, and of degree 3s vertices is $(30n+1). Thus, G, (r,s), m = 1,2,
admits a local antimagic 3-coloring. This completes the proof. O

Figure 3.2: The first component of G,,(3,2), m = 1,2, with the defined
edge labeling.
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Example 3.4. Using the first two components of 6Cy(8,2), we now give, in
Figure 3.2, a component of the graphs G,,(3,2) for m = 1,2. Two other
components can be obtained similarly.

(1) Let Hy(n) be obtained from n copies of C4(8,2) by merging degree 2
vertices in {u; 1, u; 5} to get degree 4 vertex z; 1; in {u; 3, u; 7} to get
degree 4 vertex x;o; in {v;1,v;5} to get degree 4 vertex y; 1; and in
{vi,3,v;,7} to get degree 4 vertex y; o, for each i € [1,n].

(2) Let Hy(n) be obtained from n copies of Cy(8,2) by merging the ver-
tices in {u;1,v;,7} to get degree 4 vertex x;1; in {u;5,v;3} to get
degree 4 vertex x;9; in {u;3,v;5} to get degree 4 vertex y;; in
{u; 7,v;1} to get degree 4 vertex y; o, for each i € [1,n].

(3) Let Hs(n) be obtained from n copies of Cy(8,2) by merging the ver-
tices in {u;1,v;,1} to get degree 4 vertex x;1; in {u;5,v;5} to get
degree 4 vertex x;92; in {u;3,v;3} to get degree 4 vertex y;; in
{uiz7,vi7} to get degree 4 vertex y; o, for each i € [1,n].

Note that Hj(n) is a bipartite graph with equal partite set size while Hs(n)
and Hs3(n) are tripartite graphs.

Theorem 3.5. If n > 1 and m = 1,2, 3, then x;,(Hp(n)) = 3.

Proof. Since Hi(n) is a bipartite graph with equal partite set size, we have
Xia(H1(n)) > 3. It suffices to show that H;(n) admits a local antimagic
3-coloring. Begin with the nCy(8,2) and the corresponding local antimagic
3-coloring as in the proof of Theorem 3.1. By way of construction of H;(n),
we immediately have a local antimagic labeling with induced vertex label
of every two adjacent degree 3 vertices are 30n+1 and 30n+ 2, respectively,
and of the degree 4 vertices is 40n + 2.

Since Ha(n) is tripartite, x;q(H2(n)) > 3. Similarly, by way of construction
of Hy(n), we immediately have a local antimagic labeling with induced
vertex label of every degree 4 vertex is 40n + 2, and every two adjacent
degree 3 vertices are 30n + 1 and 30n + 2, respectively. Thus, H,,(n)
(m = 1,2) admits a local antimagic 3-coloring.

Since Hj(n) is tripartite, x;q(Hs(n)) > 3. Similarly, by way of construction
of Hs(n), we immediately have a local antimagic labeling with induced
vertex label of every degree 4 vertex is 40n + 2, and every two adjacent
degree 3 vertices are 30n + 1 and 30n + 2, respectively. Thus, H,,(n) (m =
1,2, 3) admits a local antimagic 3-coloring. This completes the proof. [
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Example 3.6. Using the first component of 6C4(8,2), we now give the first
component of the graphs H,,(6) for m = 1,2,3 as shown in Figure 3.3.
Five other components can be obtained similarly.

Figure 3.3: The first component of H,,(6), m = 1,2,3 with the defined
edge labeling.

Suppose n = rs with » > 1 and s > 2. For m = 1,2,3 and each b € [1,7]
and j = 1,2, let H,,(r,s) be the graph obtained from H,,(r, s) by merging
degree 4 vertices in {z(—1)s14,; | 7 € [1,5]} to get degree 4s vertices; and
in {y@p—1)s+i; | © € [1,5]} to get degree 4s vertices. Note that H;(r,s)
is a bipartite graph with each component having equal partite set size so
that xi(Hi(r,s)) > 3. Moreover, xio(Hm(r,s)) > X(Hpn(r,s)) = 3 for
m = 2,3. By using the same local antimagic 3-coloring of H,,(n), we get
a new labeling for H,,(r, s) with distinct induced vertex labels s(40n + 2),
30n + 1, and 30n + 2. So we have the following result.

Theorem 3.7. If r > 1, s > 2, and m = 1,2,3, then x1o(Hn(r,s)) = 3.
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4 k X 10 matrix

We now construct a k x 10 matrix for £ > 1 (also with integers in [1, 10k])
as follows to obtain all our remaining results.

Ry 1 6k |4k + 1|2k +1| 8k 2k | 8k+ 1| 10k Tk 3k+1
Ry k+1|6k+1| 4k |2k+2(8k—1| k 9k +1 9k 6k —1 | 4k +2
R3 k+2|6k+2{4k — 1|2k + 3|8k — 2|k —1| 9k +2 |9k — 1| 6k —3 | 4k + 4

Ri_1 |2k — 2|7k — 2|3k + 3|3k —1|Tk+2| 3 |10k —2|8k+3| 4k+5 | 6k —4
Ry, 2k — 1|7k — 1|3k +2| 3k |7Tk+1| 2 |10k—1|8k+2| 4k+3 | 6k —2

We now have the following observations:

(a) In each row, the sum of the entries in columns 1,8 (respectively, 2, 3;
4,5; 6,7; and 9,10) is the constant 10k + 1.

(b) In each row, the sum of the entries in columns 1,2,9 (respectively,
5,6,10) is the constant 13k + 1.

Let Cs(P3) = Cs U P5, where Cs = ujususugususuzugy and Py = usZug.
Now we consider kCg(Ps;) for k¥ > 1. For the i-th copy of Cs(Ps), we
rewrite the vertices u; and x by u;; and x;, respectively, where 1 < 5 <8
and 1 <14 < k. Now the vertex u; ;, j = 1,3,5,7 (respectively, j = 2,6) are
of degree 2 (respectively, 3) with induced vertex label 10k 4 1 (respectively,
13k + 2). Moreover, vertices x;, u; 4, and u; g are of degree 2 with induced
vertex label 10k + 1, 6k + 2, and 18k + 1, respectively. Thus we have the
following result.

Theorem 4.1. If k > 1, then 2 < x;,(kCs(Ps3)) < 4.

Example 4.2. Take k = 4. We get the following table and the corresponding
labeling for 4Cs(Ps) as shown in Figure 4.1.

Ry 124179 |32]8]33]40(28]13
Ry |5]25]16 10|31 |4|37]36|23]18
R3 [6]26]15|11(30]3|38]35(21]20
Ry | 7127114 (12(29]2|39|34|19] 22

Let Bs be the bipartite graph obtained from Cg(P3) by merging the vertices
uy and ug.
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U, U, U u, U, U Uy, Uy, Uy, U, Uy Uy
1 24 5 25 6 26 7 27
40 28 17 36 23 16 35 21 15 34 19 14
X u
iLu,Ag oy ou, ou X, 6iu, eU, O el, eu oY o,
33 13 9 37 18 10 38 20 11 39 22 12
8 32 4 31 3 30 2 29
u u u u u U, Usg U Uy Uy Uy

Figure 4.1: Graph 4Cg(P5) with the defined edge labeling.

Theorem 4.3. If k > 1, then 2 < kBg < 3.

Proof. Keeping the labeling as defined under Theorem 4.1, we conclude
that kBs admits a local antimagic 3-coloring with induced vertex labels
10k + 1, 13k + 2, and 24k + 3. This completes the proof. O

Let Ag be the graph obtained from Cg(Ps3) by merging vertices x and us.
Let the new vertex be z. Now we consider kAg for k& > 1. For the i-th
copy of Ag, which we denote by A%, we rewrite the vertices u; and z by u; ;
and z;, respectively, where 1 < j < 8 and 1 < i < k. Thus, vertex z; is of
degree 4 with induced vertex label 28k + 2.

Theorem 4.4. If k > 1, then 3 < x.(kAg) < 4.

Proof. From the observations above, we can immediately conclude that
kAg admits a local antimagic 4-coloring with each vertex u; j,7 =1,3,5,7
of degree 2 (respectively, u; 4 of degree 2; w; j,j = 2,6 of degree 3; and z;
of degree 4) has induced vertex label 10k 4 1 (respectively, 6k + 2, 13k 4 1,
and 28k + 2). Thus, yi.(kAs) < 4. Since x1a(kAs) > x(kAg) = 3, the
theorem holds. O

Let Dg be the graph obtained from Cg(P3) by merging vertices x, uy, and
ug. Let the new vertex be w. Now we consider kDg for k£ > 1. For the i-th
copy of Dg, we rewrite the vertices u; and w by u; ; and w;, respectively,
where 1 < j<8and 1 <3<k,

Theorem 4.5. If k > 1, then x;,(kDg) = 3.
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Proof. From the observations above, we can immediately conclude that
kDg admits a local antimagic 3-coloring. Since x(kDg) = 3, the theorem
holds. O

Let k = rs > 2. Suppose s is an even positive integer. For 1 < ¢ < s/2 and
1 <a<r, let G(8,s) be obtained from s copies of Ag by merging vertices
in

{Z(a—l)s+i7 u(2a—1)s/2+i74}
and in
{2(2a71)5/2+i7 U(a71)3+i,4}7

respectively.

Theorem 4.6. For r > 1 and even s > 2, we have x,(rG(8,s)) = 3.

Proof. From the construction of G(8, s), we know
X1a(rG(8,8)) > x(rG(8,s)) = 3.

It suffices to show that rG(8,s) admits a local antimagic 3-coloring. Ob-
serve that the edge labeling defined for the i-th copy of Cg(Ps) (1 < i < k)
corresponds to a local antimagic labeling of rG(8, s) such that all the 4k ver-
tices of degree 2 have induced vertex label 10k + 1, all the 2k vertices of
degree 3 have induced vertex label 13k + 1, and all the 2r vertices of de-
gree 3s have induced vertex label s(17k+2). Thus, x;,(rG(8,s)) < 3. This
completes the proof. O

Example 4.7. From the 4A4g, we can take r = 1 so that G(8,4) is connected,
or we can take r = s = 2 so that 2G(8,2) has 2 components. The graph of
the latter case is shown in Figure 4.2.

Figure 4.2: Graph 2G(8,2) with the defined edge labeling.
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Suppose k = rs is odd. Let H(r,s) be obtained from s copies of A% by
merging vertices in {2, ugpy1)/244 ) and in {z(pq1) 245, ujaf for 1 < i <
(k+1)/2and 1 <j < (k—-1)/2.

Theorem 4.8. If rs > 3 and rs is odd, then 3 < x;,(H(r,s)) < 4.

Proof. Clearly, x;1o(H(r,s)) > x(H(r,s)) = 3. It suffices to show that
Xia(H(r,s)) < 4

for k > 3. From the construction of H(r,s), we observe the following:

e The edge labeling defined for the i-th copy of Cs(Ps) (1 < i < k)
corresponds to a local antimagic labeling of H such that all 4k vertices
of degree 2 have induced vertex label 10k + 1.

e All the 2k vertices of degree 3 have induced vertex label 13k + 2.

e There are r vertices of degree 3(s — 1) 4+ 4 with induced vertex label
(s—=1)(17k+2)+ 18k + 1 and another r vertices of degree 3(s—1)+2
with induced vertex label (s — 1)(17k + 2) 4 6k + 2.

Thus, x1.(H) < 4. O

5 Conclusion and open problems

In this paper, we have constructed three matrices of size 5 x 2k, 6 x 2k
(k even), and k x 10, respectively with entries in [1,10k] that satisfy cer-
tain properties. Consequently, many bipartite and tripartite graphs with
local antimagic chromatic number 3 are obtained. We have proved that
Xia(rFB(s)) = 3 for odd r,s > 3 in [7, Theorem 2.2].

Conjecture 5.1. For even r > 2 and odd s > 3, we expect x;.(rFB(s)) = 3.

Note that each of the n components of H3(n) in Theorem 3.5 is the tri-
angular bracelet TB(3) defined in [7, Theorem 3.2]. Thus, we necessarily
have x14(k(TB(3))) = 3 for kK > 1. We end this paper with the following
problems that arise naturally.

Problem 5.2. For odd s or rs = 0 (mod 4), determine y;,(DF*(r,2s)),
i=1,2.

Problem 5.3. Determine x;,(k(T'B(n)) for k > 2 and n > 1.
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Problem 5.4. For k > 1, determine x;,(kBs).

Problem 5.5. For k > 1, determine y;,(kCs(Ps)).

Problem 5.6. For k > 1, determine y;,(kAsg).

Problem 5.7. For rs > 3 and rs is odd, determine x;,(H(r, s)).

The Cartesian product of two graphs G and H is denoted by G x H. Now,
consider the plane graph C, x P, where p > 2. We now define graph(s)
Cy(p, 2) obtained from C), x P» by deleting ¢ edges not in Cj, and each pair
of these ¢ edges are not incident with the same face, where 1 < ¢ < £. Note
that C,(p,2) is unique up to isomorphism if and only if p = 2g or p = 2¢+1
or g =1.

Problem 5.8. For (p, q) # (8,4), determine x;,(Cy(p, 2)).
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