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Problem 1

Are there greater expectations for
diagonal Ramsey numbers?

GARY CHARTRAND AND PING ZHANG

In a red-blue coloring of a graph G, every edge of G is colored red or
blue. For two graphs F and H (without isolated vertices), the Ramsey
number R(F, H) is the minimum positive integer n such that for every
red-blue coloring of the complete graph K, of order n, there is either a
subgraph of K, isomorphic to F' all of whose edges are colored red (a
red F') or a subgraph of K,, isomorphic to H all of whose edges are colored
blue (a blue H). It is a consequence of a theorem of Ramsey [7] that
the number R(F, H) exists for every two graphs F and H. If F = H,
then the (diagonal) Ramsey number R(F,H) = R(F,F) = R(F) is the
minimum positive integer n such that every red-blue coloring of K, results
in a subgraph of K, isomorphic to F' all of whose edges are colored the
same (a monochromatic F').

If G is a graph without isolated vertices such that its (diagonal) Ram-
sey number R(G) = n, then for every red-blue coloring of the complete
graph K, of order n, there is a monochromatic subgraph of K, isomorphic
to G. From this fact, the following question arises:

For such a graph G, is it possible that every red-blue coloring
of K,, has an even stronger property?

We will return to this question later. Let’s now explore some curious prop-
erties of all red-blue colorings of the complete graph K of order 6.
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In 1938 the first William Lowell Putnam Mathematical Competition grew
out of a competition between students from Harvard University and cadets
from the United States Military Academy. This competition for under-
graduate college students from the United States and Canada consists of
twelve challenging problems. The 1953 competition contained the following
problem.

The 1953 Putnam Competition Problem A2
The complete graph with 6 points and 15 edges has each edge
colored red or blue. Show that we can find 3 points such that
the 3 edges joining them are the same color.

Although this problem does not specifically ask students to show that the
Ramsey number R(K3, K3) = R(K3) = 6, this is in fact the case as (1) every
red-blue coloring of Ky results in a monochromatic K3 (a triangle) and
(2) there exists a red-blue coloring of K5 where both the red and blue
subgraph is the 5-cycle C5 and so there is no monochromatic triangle. This
coloring is shown in Figure 1, where a bold edge represents a red edge and
a thin edge represents a blue edge. In fact, this red-blue coloring of Kj
is the unique such coloring of K5 that avoids a monochromatic triangle.
Thus, the answer to Problem A2 of the 1953 Putnam competition states
that the Ramsey number R(K3) = 6. In fact, this result was established
by Greenwood and Gleason [4] in 1955.

N

Figure 1: The unique red-blue coloring of K5 with no monochromatic tri-
angle.

Not only does every red-blue coloring of Kg produce a monochromatic
triangle, it produces at least two monochromatic triangles. For example,
the red-blue coloring of K4 shown in Figure 2 contains exactly two mono-
chromatic (red) triangles. However, for a monochromatic triangle 7" in this
graph, the subgraph Ks— E(T') contains no monochromatic triangles. That
is, it’s possible for every two monochromatic triangles in K¢ to have an edge
in common.

While the Ramsey number of the 3-cycle C3 = K3 is 6, the Ramsey number
of the 4-cycle Cy4 is 6 as well, that is, R(Cy) = 6 (see [5, 6], for example).
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Figure 2: A red-blue coloring of Kg whose two monochromatic triangles
have an edge in common.

Observe that the red-blue coloring of K5 shown in Figure 1 has no mono-
chromatic Cy. Not only is R(Cy4) = 6, the Ramsey number of the graph H
of Figure 3 obtained by adding a pendant edge to Cj is also 6. We show
this next.

Figure 3: The graph H.
Proposition. R(H) = 6.

Proof. Since Cy C H, it follows that R(H) > R(C4) = 6. Hence, it
suffices to show that every red-blue coloring of Kg results in a mono-
chromatic H. Let there be given a red-blue coloring of G = K¢ with
V(G) = {v1,vq,...,us}. Since R(Cy) = 6, there is a monochromatic Cy
in G. We may assume that Cy = (v1,v2,v3,v4,v1) is red. If any of the
edges v5v;, vgv; is red for 1 < 4 < 4, then there is a red H. See Figure 4.
Thus, we may assume that the all eight edges vsv;, vgv; (1 < i < 4) are
blue. Thus, (vy,vs,vs,vs,v1) is a blue Cy. Since vsvs is blue, there is a
blue H in G. Therefore, R(H) < 6 and so R(H) = 6. O

We have mentioned that every red-blue coloring of Kg produces a mono-
chromatic copy of each of Cj5,Cy, and the graph H of Figure 3. However,
not only does every red-blue coloring of Kg result in a monochromatic
copy of H, it also produces a sequence Hy, Ho, H3, Hy, H5 of five pairwise
edge-disjoint monochromatic subgraphs of H such that each subgraph H;
(1 <4 <5) has size i, where the subgraph H; is isomorphic to a subgraph
of Hi1q for 1 <4 < 4, and H; = H. For example, consider the red-blue
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Figure 4: Illustrating the proof of the Proposition.

coloring of Kg shown in Figure 5, where an edge labeled ¢ (1 < i < 5)
belongs to H;. Here again, a bold edge represents a red edge and a thin
edge represents a blue edge. Then Hs = H is the blue subgraph obtained
from Cy = (ve,vs,v4,v5,v2) by adding the pendant edge v1vs, the graph Hy
is the blue double star (a tree of diameter 3) whose central vertices have de-
grees 2 and 3 with E(Hy) = {v1vs, v1v4, 0105, 402}, Hs is the red star K7 3
with F(H3) = {vev1,vev2, vgvs}, Ha is the blue 3-path P3 = (vs,vs,vs),
and H;p is the red 2-path P, = (v4,v6). In [3] such a sequence is called
a Ramsey chain in Kg with target graph H. The concept of a Ramsey
chain, introduced by Chartrand [2] in 2021, was inspired by the Ascend-
ing Subgraph Decomposition Conjecture, which first appeared in 1987 [1].
The curious feature here is that every red-blue coloring of K¢ results in a
Ramsey chain with target graph H. Furthermore, the five monochromatic
subgraphs in this chain also form a decomposition of Kg.

Figure 5: A red-blue coloring of Kj.

In 2025, the target Ramsey index TR(G) of a graph G of size m with no
isolated vertices was introduced in [3] and defined as the minimum positive
integer n such that for every red-blue coloring of the complete graph K,, of
order n, there exists a Ramsey chain G1, G, ..., G, = G of m pairwise
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edge-disjoint monochromatic subgraphs of G such that each subgraph G;
(1 <4 < m) has size ¢ and G; is isomorphic to a subgraph of G; 1 for 1 <
i < m — 1. Such a Ramsey chain is said to have target graph G. Since the
target graph in every Ramsey chain must be monochromatic, it follows that
TR(G) > R(G) for every graph G without isolated vertices. It was shown
in [3] that TR(G) exists for every such graph G. For every graph G for
which TR(G) has been determined, it has been shown that TR(G) = R(G),
that is, every red-blue coloring of the complete graph Kr(q) of order R(G)
not only produces a monochromatic copy of G, but also a Ramsey chain
with target graph G.

Let G be graph of size m without isolated vertices such that TR(G) = n.
Thus, in every red-blue coloring of K,,, there exists a Ramsey chain G, Ga,

..y Gy in K,, where G, = G. Consequently, |E(K,)| > S0 i = (")
and so (2) > ("f'). Thus, TR(G) > m + 1. If TR(G) = R(G) = m + 1,
then in every red-blue coloring of Kr(q) it follows that every Ramsey chain
G1, G, ..., G 2 G in K, produces a decomposition {G1,Ga,...,Gpn}
of Kgr(g). Since TR(Ks) = R(K:) = 2 and TR(P;) = R(P;) = 3,
this is the case for the connected graphs of sizes 1 and 2. In addition,
TR(H) = R(H) = 6 for the graph H of Figure 3. Since the size of H is 5,
this means that for every red-blue coloring of Ky, there exists a decompo-
sition {Hy, Ho, Hs, Hy, H5} of K¢ into five subgraphs H; (1 < ¢ < 5) such
that (1) H; has size i, (2) H; is monochromatic, (3) H; is isomorphic to a
subgraph of H; 1 for 1 <i <4, and (4) H; = H.

These remarks suggest the following question:
Is there a graph G such that TR(G) > R(G)?

If the answer to this question is no, then this means that the diagonal
Ramsey number R(G) of a graph G possesses a property in addition to the
standard properties possessed by diagonal Ramsey numbers. Consequently
there are greater expectations for diagonal Ramsey numbers.
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